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1. Introduction 

Let X be a closed Riemann surface of genus g ^ 2. The theory of holomorphic triples 
has its origins usm in the search for solutions to certain gauge theoretic equations 
on X, obtained by dimensional reduction of the Hermitian-Einstein equation in 4 
dimensions. More precisely, solutions to the Hermitian-Einstein equation on X x 
which are invariant under the standard action of SU(2) on P^ correspond to solutions 
to the so-called vortex equations on X. The Hitchin-Kobayashi correspondence states 
that a solution to the Hermitian-Einstein equation on X x P^ gives rise to a stable 
holomorphic bundle and that, conversely, any stable holomorphic bundle admits a 
Hermitian-Einstein metric. The counterpart on X states that there is a Hitchin- 
Kobayashi correspondence between solutions to the coupled vortex equations and stable 
holomorphic triples. A holomorphic triple consists of a pair of holomorphic vector 
bundles, Ei and E 2 , over X and a holomorphic map (f)\ E 2 ^ Ei between them. An 
important feature of the stability condition for triples is that it depends on a real 
parameter a, corresponding to the fact that there is a real parameter in the vortex 
equations; thus one is led to the concept of a-stability of a holomorphic triple. This 
parallels the fact that when studying Hermitian-Einstein metrics and stable bundles on 
A X P^ it is necessary to choose a polarization on this complex surface. We note that, 
as usual, there are corresponding concepts of a-polystable and a-semistable triples (see 
Section 121 below for precise dehnitions). 

It was shown in |3] (see also uni) that projective moduli spaces for holomorphic 
triples exist. (Later a direct construction was given by Schmitt using geometric in¬ 
variant theory [221 •) Since the stability condition depends on the real parameter a, so 
do the moduli spaces. Fixing the topological invariants Uj = rk(Ej) and di = deg(Ej), 
we denote the moduli space of a-polystable triples with the given invariants by 


J^a = Ma{ni,n2,di,d2) , 


and the moduli space of a-stable triples by ^ A/”a. In this paper we address the 
questions of smoothness, non-emptiness and irreducibility of these moduli spaces. 

Before describing our results in more detail, we explain our motivation, which comes 
from the problem of determining the connected components of the moduli space of 
representations of the fundamental group of X in PU(p, g). A detailed study of this 
moduli space appears in a companion paper [7j; in the following we briefly outline 
the main ideas. The hrst point to notice is that we may as well study the connected 
components of the moduli space of projectively flat U(p, q) bundles on X. This moduli 
space can be divided into disjoint closed subspaces Ad (a, h) indexed by a pair of integers 
(a, 6), the Chern classes obtained from a reduction of structure group to the maximal 
compact subgroup U(p) x U(g). The values of (a, h) are bounded by the Milnor-Wood 
type inequality 

aq — bp 

p + q 

For each allowed value of (a, 6) one expects the space M(a,b) to be non-empty and 
connected, thus forming a connected component of the moduli space. 


^ min{p,g}(g - 1) . 
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By the work of Hitchin jUlIin], Donaldson [T2], Simpson [23123123121] and Corlette 
P, the moduli spaces Af (a, b) are homeomorphic to moduli spaces of so-called U(p, q)- 
Higgs bundles on X: these are pairs (i?, <h), where E' is a holomorphic vector bundle 
which decomposes as a direct sum E = V ®W and the Higgs held E ^ E ® K is, 
of the form 



with respect to the direct sum decomposition of E. Here K is the canonical line bundle 
of X and the invariants a and b appear as the degrees of V and W respectively. The 
L^-norm of the Higgs held gives us a Bott-Morse function on the moduli space (cf. 
Hitchin [13 d])- Thus, connectedness of the spaces Xi{a,b) will be a consequence 
of connectedness of the corresponding subspaces of local minima. In the case of hat 
U(2, 2)-bundles, it was shown in [T2| that the local minima are represented by Higgs 
bundles for which either /3 or 7 vanishes. One of the main results in [7] is that this is 
true in general. The crucial observation is now that there is a bijective correspondence 
between U(p, g)-Higgs bundles (E,^) with /3 = 0 or 7 = 0 and holomorphic triples: 
if, say, 7 = 0, we obtain a holomorphic triple T = {Ei, E2, 0) by setting Ei = V ® K, 
E2 = W and 0 = /3. It turns out that (i?, $) is (poly)stable as a U(p, g)-Higgs bundle 
if and only if the corresponding holomorphic triple T is Q;-(poly)stable for a = 2 g — 2 . 
It follows that the subspace of local minima on Xt (a, b) is isomorphic to a moduli space 
of { 2 g — 2)-polystable holomorphic triples. Thus the results of the present paper imply 
results on non-emptiness and connectedness of the moduli spaces Ai(a,b)- We refer 
the reader to [7] for the precise statements. 

We now return to our main subject of study, the holomorphic triples. In order for 
Afa to be non-empty, one must have a ^ with = di/ni — d2/’^2 ^ 0. In the 
case Hi 7^ 77-2 there is also a hnite upper bound ccm- When the parameter a varies, 
the nature of the a-stability condition only changes for a discrete number of so-called 
critical values of a (see Section |2] for the precise statements). We can now state our 
main results. 

Theorem A. (1) A triple T = {Ei,E2,((>) of type (ui, 77.2, di, ^2) is am-polystable 
if and only 7/0 = 0 and Ei and E2 are polystable. We thus have 

W0„(ril,772,di,d2) = M(77i,di) X M(772,d2). 

where M{n,d) denotes the moduli space of poly stable bundles of rank n and 
degree d. In particular, A/’q,^( 77 i, 772, di, ^2) is non-empty and irreducible. 

(2) If a > am is any value such that 2 g — 2 ^ a (and a < aM if 7^ ^2^ 
then the moduli space Aff^{ni,n2,di,d2) is non-empty, irreducible, and smooth 
of dimension {g — -|- 772 — 771772) — 77id2 -|- 772di -|- 1. Moreover: 

• Ifni = 772 = 77 then the moduli space Af 77, di, d2) is hirationally equiv¬ 
alent to a -fibration over M^{n, d2) x Sym‘^^“'^^(X), where M^{n, d2) denotes 
the subspace of stable bundles of type (77, d2), Sym'^^“'^^(X) is the symmetric 
product, and the fiber dimension is N = n{di — d2) — 1. 

• If Hi > 772 then the moduli space Aff^{ni,n2,di,d2) is hirationally equiv¬ 
alent to a -fihration over M^{ni — 772, di — d2) x M^{n2, d2), where the fiber 
dimension is N = 772di — 77id2 -|- 772(771 — 772)(5^ — 1) — 1. 
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• Ifni < ^2 then the moduli space J\ff^{ni,n 2 ,di,d 2 ) is birationally equiv¬ 
alent to a -fihration over M®(n 2 — ni, d 2 — di) x M®(ni, di), where the fiber 
dimension is N = n 2 di — nid 2 + ni{n 2 — nfi^g — 1) — 1. 

(3) If ni 7 ^ 77-2 then the moduli space 77 , 2 , (ii, ^ 2 ) is non-empty and irre¬ 

ducible. Moreover 


Marini, n2,di,d2) = 


M(772, d2) X M(77i - 772, di - ^ 2 ) 
Mini, di) X M(772 — Til, d2 — di) 


if ni > 772 
ifni < 772. 


Our strategy for studying the moduli spaces is similar in spirit to the one used by 
Thaddeus EH: basically it consists in obtaining a good understanding of the moduli 
space for a particular (large) value of a and then keeping track of how the moduli 
space changes as a varies. In the following we explain this in more detail and outline 
the contents of the paper. 

After recalling the basic facts about holomorphic triples in Section |2l we go on to 
study extensions and deformations of triples in Section |21 Here we show that the quasi- 
projective variety A/"^ C J\f^ corresponding to a-stable triples is smooth for all values 
of a greater than or equal to 25 f — 2 1 Theorem I3.8|l . 

In Sections E] and El we examine how the moduli spaces differ for values of a on 
opposite sides of a critical value. If denote the moduli spaces for values of a 
above and below a critical value ac, we denote the loci along which they differ by 
respectively. Our main result 1 Theorem 15.12|) is that for all a ^ 25 f —2 the codimension 
of is strictly positive. It follows that the number of irreducible components of the 
spaces AAq are the same for all a satisfying a ^ 2g — 2 and a^n < a < au- In order 
to estimate the codimension of the S„± we need to estimate the dimension of certain 
spaces of extensions of triples. It is notable that this requires us to consider objects 
more general than triples, namely the holomorphic chains studied in pp. The rather 
technical details are in Section El the main result is Proposition 14.31 which is then used 
to deduce the key Proposition 14.71 

Next we turn to the question of understanding the moduli spaces Afa for large values 
of the parameter a. After obtaining some preliminary results in Sectional we consider 
the case of triples with 77 i 7 ^ 772 in Section [71 Let Ml denote the moduli space of 
a-polystable triples for a between aM and the largest critical value smaller than om- 
We show that this ‘large a’ moduli space is birationally equivalent to a P'^-fibration 
over a product of moduli spaces of stable bundles iTheorem 17.7[) . Combining this 
fact with our codimension estimates we obtain our main results on non-emptiness 
and irreducibility of the moduli spaces Ma and M^; these appear as Theorem 17.91 and 
Corollary 17.101 

In Section ISl we obtain analogous results in the case when 77i = 772 . Even though 
there is no upper limit to a in this case, the moduli spaces do stabilize for a sufficiently 
large iTheorem I8.0|l and hence it makes sense to consider the large a moduli space Ml 
also in this case. The birational description of Ml is given in Theorem I8.15L while the 
main results on non-emptiness and irreducibility are in Theorem 18.101 

Finally, in Sectional we go back to the origins of the theory of holomorphic triples 
and apply our results on moduli of triples to deduce the existence of SU(2)-invariant 
Hermitian-Einstein metrics on complex vector bundles on X x P^; equivalently, our 
results imply the existence of stable vector bundles on X x P^. 
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This paper and its companion [7j form a snbstantially revised version of the preprint 
in] . The main resnlts proved in this paper were annonnced in the note j3] . In that note 
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2. Definitions and basic facts 

2.1. Holomorphic triples and their moduli spaces. Let X be a compact Riemann 
snrface (some of what follows is also trne also for a compact Kahler manifold mm 
Recall (|1] and |T2]) that a holomorphic triple T = {Ei,E 2 ,(j)) on X consists of two 
holomorphic vector bnndles Ei and E 2 on X and a holomorphic map (j)\ E 2 ^ Ei. A 
homomorphism from T' = {E[, E 2 , 0') to T = {Ei, E 2 , 4>) is a commntative diagram 

E'2 ^ E[ 


E 2 ^ E,, 

where the vertical arrows are holomorphic maps. A triple T' = (U(, U 2 , (f)') is a snbtriple 
of T = (El, E 21 4>) if the sheaf homomorphims E[ —> Ei and E 2 —> E 2 are injective. A 
snbtriple T' C T is called proper if T' 7 ^ 0 and T' 7 ^ T. 


Definition 2.1. For any a G M the a-degree and aslope of T are defined to be 


deg„(T) = deg(Ui) -h deg(U 2 ) + ark{E 2 ), 

degjT) 


/i„(T) = 


rk(Ui)+rk(U2) 

= fi{Ei © E2) + a 


rk(U2 


rk(Ui) + rk(U 2 ) ’ 


where deg(U), rk(U) and /i(E) = deg(U)/rk(U) are the degree, rank and slope of E, 
respectively. 

We say T = {Ei, E 2 , 0) is a-stable if 


Pa(T') < p„(T) 


for any proper snbtriple T' 


{E[, E 2 , (j)'). Sometimes it is convenient to nse 
A„(r')=/i,(T')-/i,(T), 


( 2 . 1 ) 
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in terms of which the a-stability of T is equivalent to Aq,(T') < 0 for any proper 
subtriple T'. We dehne a-semistahility by replacing the above strict inequality with a 
weak inequality. A triple is called a-polystable if it is the direct sum of a-stable triples 
of the same a-slope. 

Write n = ( 77 , 1 , 77 , 2 ) and d = (^ 1 ,^ 2 )- We denote by 

AAa = A/'«(n, d) = J\fa{ni, 772, di, d 2 ) 

the moduli space of a-polystable triples T = {Ei,E 2 ,(j)) which have rk^Ei) = rii and 
deg(ii^i) = di for 7 = 1, 2. The subspace of a-stable triples is denoted by We refer 
to (n, d) = ( 771 ,772, di, (^ 2 ) as the type of the triple. 

There are certain necessary conditions in order for a-semistable triples to exist. Let 
fii = di/rii for 7 = 1, 2. We dehne 

C^m hi (^•^) 

=(1 + ^)(hl - h2), 7717^ 772. (2.3) 

Proposition 2.2. lU Theorem 6.1] The moduli space Afa{ni,n 2 ,di,d 2 ) is a complex 
analytic variety, which is projective when a is rational. A necessary condition for 
A/'a(77i, 772, di, ^ 2 ) to he non-empty is 

0 ^ Om ^ a ^ ttM if 77 1 7 ^ 772, 

0 ^ am ^ a if 77i = 772. 

Remark 2.3. If a^ = 0 and 77 i 7 ^ 772 then a^ = ctm = 0 and the moduli space of a 
stable triples is empty unless a = 0 . 

A direct construction of these moduli spaces has been given by Schmitt I2nj using 
geometric invariant theory. 

Given a triple T = (^ 1 ,^ 2 ,^) one has the dual triple T* = {E 2 , E^, (f*), where E* 
is the dual of Ei and (p* is the transpose of 0. The following is not difficult to prove 
(in Proposition 3.16]). 

Proposition 2.4. The a-(semi)stability of T is equivalent to the a-(semi)stability of 
T*. The map T ^ T* defines a bijection 

A/'„(77i, 772, di, d2) = A/'a(772, 77i, -^2, “dl), 

which is moreover an isomorphism. 

This can be used to restrict our study to 77i ^ 772 and appeal to duality to deal with 
the case 77i < 772 . 

2.2. Critical values. A holomorphic triple T = {Ei,E 2 ,(p) of type (tti, 772 , di, d 2 ) is 
strictly a-semistable if and only if it has a proper subtriple T' = {E[, E 2 , ()') such that 
pia{T') = p,aiT), i.e. 

77 ' 

/i(ii/( © E 2 ) + a —-—-—- = fv^Ei © E 2 ) + a 

77]^ + 772 


77i + 772 


(2.4) 
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There are two ways in which this can happen: The first one is if there exists a subtriple 
T' such that 


712 


n2 


n[ + 712 

/i(£^i © E 2 ) 


and 


ni + 7i2' 
/i(-Ei © E2). 


In this case the terms containing a drop from (I23D and T is strictly a-semistable for all 
values of a. We refer to this phenomenon as a-independent semistability. This cannot 
happen if GCD(n 2 , 771 + 772,^1 + ^ 2 ) = 1- The other way in which strict a-semistability 
can happen is if equality holds in dH but 


Tin 




n2 


77'i + n '2 77i + 712 


(2.5) 


The values of a for which this happens are called critical values. 


Definition 2.5. We say that a G [ctm, 00 ) is a critical value if there exist integers 7i[, 
77 2 , '^1 0^2 such that 


+ (^2 

n[ + 772 


+ CK 


Tin 


7l[ + 7 I 2 


di + 7^2 
77i + 712 


+ Ct 


77.2 

77i + 772 




that is. 


(771 + 772) (di + 4 ) - ( 77 i + 772)(di + ^2) 
77'i772 — 77 i772 


with 0 ^ 77 ' ^ rii, (77'i, 772, d'l, ^ 2 ) 7 ^ ( 77 . 1 , 772 ,^ 1 ,^ 2 ), (77'i,772) ^ (0,0) and 77(772 7 ^ ni7i'2. 
We say that a is generic if it is not critical. 


Proposition 2.6. j3] Fix ( 771 , 772 ,^ 1 ,^ 2 ). 

(1) The critical values of a form a discrete subset of a ^ [ 0 ^, 00 ), where am is as 
in 

( 2 ) Ifni 7 ^ 772 the number of critical values is finite and lies in the interval [om, om], 
where aM is as in /fO) . 

(3) The stability criteria for two values of a lying between two consecutive critical 
values are eguivalent; thus the corresponding moduli spaces are isomorphic. 

(4) If a is generic and GCD(772,77i + 772,^1 + ^ 2 ) = 1, then a-semistability is 
eguivalent to a-stability. 


For the application of triples to U(p, g)-Higgs bundles ([7j; see also the Introduction), 
it is important to have criteria to rule out strict o-semistability when a = 2g — 2, where 
g is the genus of the surface. One such criterion, dealing actually with any integral 
values of CK, is given by the following. 


Lemma 2.7. Let m be an integer such that GGD(77i + 772 , di + d 2 — 777771 ) = 1. Then 

(1) a = m is not a critical value, 

(2) there are no a-independent semistable triples. 

Proof. To prove (1), suppose that a = m is a critical value. There exist then a triple 
T and a proper subtriple T' so that 

(d'l + d( + 77777'2)(77 i + 772 ) = (di + d2 + 777772) (tt'i + 77^). 











Thus Til + n 2 divides (di + ^2 + mn 2 ){n[ + But ni + ^2 > n[ + so we get that 
GCD(ni + U 2 , di + d 2 + mn 2 ) > 1. Writing di + d 2 + mn 2 = di + d 2 — mui + m(ni + U 2 ), 
we see that GCD(ni +^ 2 , di + ^2 — mrii) > 1, m contradiction with the hypothesis. To 
prove (2), we show that GGD(? 7 , 2 ,'ni + n 2 ,di + d 2 ) = 1, from which the result follows 

Suppose that GGD(? 7 , 2 , ui + U 2 , di + d 2 ) 7 ^ 1. Then there is 

It follows that 


by (4) in Proposition 
{n[, 7 X 2 , d[, d' 2 ) such that 


n'i+n 2 

d !^ -|- (^2 


^2 ___ 

ni+n2 n'^+n2 ni+n2' 


mn\ 


di + d 2 — mrii 


n'l + n '2 Til + n2 

and hence GGD(?7,i + 77 - 2 , di + d 2 — mrii) 7 ^ 1, in contradiction with the hypothesis. □ 


2.3. Vortex equations. There is a correspondence between stability and the existence 
of solutions to certain gauge-theoretic equations on a triple T = {Ei, i? 2 , 0), known as 
the vortex equations (| 1 ] and ini). The vortex equations 

i/^AF{Ei) + cjxclx* = tiMe,, 

i/^AE{E 2 )-rcl> = T 2 ldE 2 , 

are equations for Hermitian metrics on Ei and E 2 . Here A is contraction by the Kahler 
form of a metric on X (normalized so that vol(X) = 27r), E{Ei) is the curvature of the 
unique connection on E^ compatible with the Hermitian metric and the holomorphic 
structure of and ti and T 2 are real parameters satisfying di -|-d 2 = riiTi -|-n 2 r 2 . Here 
(p* is the adjoint of 0 with respect to the Hermitian metrics. One has the following. 

Theorem 2.8. jH Theorem 5.1] A solution to fj 2 .f)D exists if and only if T is a- 
polystable for a = ti — T 2 . 

Using the vortex interpretation of the moduli space of triples one can easily identify 
the moduli space of triples for a = 0 ^- 

Proposition 2.9. A triple T = {Ei,E 2 ,(p) is am-polystable if and only if (p = 0 and 
El and E 2 are polystable. We thus have 

■A/'a^(^i,^2,di,d2) = M(ni,di) x M(n2,d2), 

where M{ni, df) is the moduli space of semistable bundles of rank Ui and degree di. 

Proof. Gonsider equations (ESD on T. If a = am then ti = pi and T 2 = pi 2 and hence 
in order to have solutions of (EH) we must have 0 = 0. In this case, ESI) say that the 
Hermitian metrics on Ei and E 2 have constant central curvature. But this is equivalent 
to the polystability of Ei and E 2 by the theorem of Narasimhan and Seshadri j21]. □ 


3. Extensions and deformations of triples 

In order to analyse the differences between the moduli spaces A/0 as a changes, 
as well as the smoothness properties of the moduli space for a given value of a, we 
need to study the homological algebra of triples. This is done by considering the 
hypercohomology of a certain complex of sheaves, in a similar way to what is done in 
the study of inhnitesimal deformations by Biswas and Ramanan j^]. In fact, it is a 
special case of the more general situation considered in M- 
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3.1. Extensions. Let T' = {E[, E 2 ,(j)') and T" = {E'l, E 2 , (j)") be two triples and, as 
nsnal, let 

(n',d') = (ni,n2,di,4), 

(n",d'0 = K,n'',<,d"), 

where n- = rk(E'), n" = rk(E''), d- = deg(E-) and d" = deg(E''). Let Honi(T",T') 
denote the linear space of homomorphisms from T” to T', and let Ext^(T", T') denote 
the linear space of eqnivalence classes of extensions of the form 

0 — >T' —> T — >T'' —> 0, 
where by this we mean a commntative diagram 

0 ->■ E[ - El ->■ E” -0 


0 ->■ E2 ->■ E2 -^ E2 -> 0 . 

Hence, to analyse Ext^(T",T') one considers the complex of sheaves 

C\T\ T') : E'C ®E[® Ef ® E' ^ Ef ® E[, (3.1) 

where the map c is defined by 

C (' 01 ,' 02 ) = 0''02 - 

Proposition 3.1. There are natural isomorphisms 

Hom(T",T') = e°(C'*(T",T')), 

Ext^(T",T') = U\C*{T”,T')), 

and a long exact sequence associated to the complex C*{T",T'): 

0 —^ H0(C'*(T",T')) — ^ H%E’{* ® E[ ® E'^* ® E'2) —^ ® E() 

—. (C*(T",T')) —. H\E';* E[ (B E”* E' 2 ) —^ H\E''* (B E[) 

—^ H2(C*(T",T')) —^ 0. 

(3.2) 

Proof. The proof is omitted since it is very similar to that given in [2j in the stndy of 
deformations, and it is a special case of a mnch more general result proved in jin] . □ 

We introduce the following notation: 

h\T",T') = dim W{C*{T”,r)), 

X(T", T’) = h^{T\ T) - h^iT\ T) + h'^{T\ T'). (3.3) 


Proposition 3.2. For any holomorphic triples T' and T" we have 

X(T", T') = x{E'r ® E[) + x{E'r ® E' 2 ) - xiE'r ® E[) 

= (1 - g){nin[ + n'aVa - n'X) 

+ n”d[ — n\d'[ + 712^2 — 772^2 ~ n'^d^ + n^d'^, 
where x{E) = dim H^{E) — dim H^{E) is the Euler characteristic of E. 
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Proof. Immediate from the long exact sequence (EH and the Riemann-Roch formula. 

□ 


Corollary 3.3. For any extension 0 ^ T' ^ T —> T" —> 0 0 / triples, 

X{T, T) = x(T', T') + x{T\ T") + x(T", T') + x(T', T"). 

□ 

Remark 3.4. Proposition 13.21 shows that x(T",T') depends only on the topological 
invariants (n', d') and (n", d") of T' and T" . Whenever convenient we shall therefore 
use the notation 

x(n",d",n',d')=x(T",TO. 

3.2. Vanishing of and The following vanishing results play a central role in 
our study. 

Proposition 3.5. Suppose that T' and T" are a-semistable. 

(1) If fia{T') < piaiT") then H0(C'*(T", T')) = 0. 

(2) If = /ia(T") and T" is a-stable, then 

{ (T jf T' = T" 

0 ifT'^T". 

Proof. By Proposition 13.11 we can identify ]H[°(C'*(T",T')) with Ilom(T",T'). The 
statements ( 1 ) and ( 2 ) are thus the direct analogs for triples of the same results for 
semistable bundles. The proof is identical. Suppose that h : T" —>■ T' is a non-trivial 
homomorphism of triples. If T' = {E[,E 2 ,^') and T" = [E'l^E'f,^") then h is given 
by a pair of holomorphic maps Ui : E'f — > E'f for z = 1, 2 such that 0 U 2 = Uio^". We 
can thus dehne subtriples of T" and T' respectively by T/v = (ker(Mi), ker(w 2 ), $") and 
T/ = (im(Mi), im(-U 2 ), 4)'), where in T/, it is in general necessary to take the saturations 
of the image im(-ui) and im(M 2 ). By the semistability conditions, we get 

PaiTj^) ^ ^ fia{Tl) ^ fIa{T'). 

The conclusions follow directly from this. □ 

Proposition 3.6. Suppose that the triples T' and T" are a-semistable and satisfy 
fia(T') = pia{T”). Then 

(1) ]HI^(C'*(T", T')) = 0 whenever a > 2g — 2. 

(2) If one of T', T" is a e-stable for some e ^ 0, then IP?{C*{T”,T')) = 0 
whenever a ^ 2 g — 2 . 

Proof. From (O it is clear that the vanishing of EP{C*{T",T')) is equivalent to the 
surjectivity of the map 

H\E'r ®E[® Elf* 0 E') ^ H\E!f* 0 E[). 

By Serre duality this is equivalent to the injectivity of the map 

H\E[* ®E'J,®K) H\E[* ®E'I®K)®H^{E' 2 * ®E'J,®K) .3 4 ., 

Ip I-((0" 0 Id) o -0,-0 O 0'). 

Proof of (1): Suppose that P is not injective. Then there is a non-trivial homomor¬ 
phism p) ■. E[ ^ E'f®K in ker P. Let / = im'^ and N = ker-^. Since ( 0 " 0 ldx)o-^ = 0, 
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I C ker0" and hence T'/ = (0, / ® K*,Q) is a proper snbtriple of T". Similarly, the 
fact that "0 o 0' = 0 implies that im0' C and thns = (ker 0, E 2 , 0') is a proper 
snbtriple of T'. Let k = rk(iV) and I = deg(iV). Then, from the exact seqnence 

0 —^ N — >E[ —> I —^0 
we see that rk(J) = n[ — k and deg(/) = d[ — 1. Hence 


(rp! \ _ I + d'2 
n) ~ ~ —^—r + cu¬ 


rio 


k -j- n'o k -i- n: 


/ ’ 




<i; -/ 


-h 2 — 2g -h a. 


n[ — k 

Adding these two expressions, and clearing denominators we see that 

d'l + ^2 + {^'1 ~ ^)(2 - 2g) + a{n[ + n '2 - k) = {k + n' 2 )gia{T'j^) + (% - k)gLa{Tj). 

Bnt gia{T'jq) ^ fia{T'), g,a{Tj) ^ fia{T") and g.a{T') = g,a{T"). From this we obtain 
that 

d[ + d '2 + {n'l — k){2 — 2g) + a{n\ + — fc) ^ d\ + d '2 + cm^, (3.5) 

and hence 

a{n\ — k) ^ {n[ — k){2g — 2). 

Since n[ — k > 0 we get that a ^ 2g — 2. Hence P must be injective if the hypotheses 
of the part ( 1 ) of the proposition are satished. 

Proof of (2): Suppose that T" is a + e-stable for some e ^ 0. It follows that Ha+eiT'f) < 
/i„+e(T"), i.e 


/i„(T;)-/i«(n<e( 


Ho 


n'[ +112 


- 1 ) ^ 0 . 


Thus, following exactly the same argument as in the proof of (1), we get a strict 
inequality in (EHI). We conclude that that if P is not injective then a < 2g — 2, i.e. if 
a ^ 2g — 2 then P must be injective. If T' is a + e-stable for some e ^ 0 then we get 
that 


< e(— 


Uo 


rio 


t)^ 0 . 


''n']^P n '2 k + n '2 

The rest of the argument is the same as in the case that T" is a -|- e-stable. 


□ 


Corollary 3.7. Let T' and T" be a-semistable triples with piaiT') = HaiT"), and 
a > 2g — 2. Then 

dimExt^(T",T') = h\T",T') - x(T",T'). 

The same holds for a ^ 2g — 2 if in addition T' or T" is a + e-stable for some e ^ 0. 

Proof. It follows from Proposition 13.11 and (13. 3 j) that 

dimExt^(T",T') = h^{T",T') + h^{T",T') - x{T",T'). (3.6) 

The result follows immediately from this and the vanishing of h'^{T",T') given by 
Proposition 13.61 □ 
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3.3. Deformation theory for triples. Since the space of infinitesimal deformations 
of T is isomorphic to H[^(C'*(T, T)), the considerations of the previous sections also 
apply to studying deformations of a holomorphic triple T. To be precise, one has the 
following. 

Theorem 3.8. Let T = {Ei,E 2 ,(f>) be an a-stable triple of type (rii, n 2 , di, ^ 2 )- 

(1) The Zariski tangent space at the point defined by T in the moduli space of stable 

triples is isomorphic to T)). 

(2) //H[^(C'*(T, T)) = 0, then the moduli space of a-stable triples is smooth in a 
neighbourhood of the point defined by T. 

(3) M‘^{C*{T,T)) = 0 if and only if the homomorphism 

H\Ei ® El © e; ® E2) h\e; ® El) 

in the corresponding long exact seguence is surjective. 

(4) At a smooth point T G J\fa{ni,n 2 ,di,d 2 ) the dimension of the moduli space of 
a-stable triples is 

dim A/'^(ni, 712, di, d 2 ) = h^(T, T) = 1 - x(T, T) 

= {g - l){n\ + n\- 77 i772 ) - nid 2 + n 2 di + 1. (3.7) 

(5) If (j) is injective or surjective then T = (Ei, E 2 , 0) defines a smooth point in the 
moduli space. 

(6) If a ^ 2g — 2, then T defines a smooth point in the moduli space, and hence 
A/”^(ni, 77-2, di, d 2 ) is smooth. 

Proof. Statements (1) and (2) follow from Theorems 2.3 and 3.1 in [3], respectively. An 
indirect proof of (1) and (2), exploiting the correspondence between triples on X and 
stable bundles on X x (see Section El) also follows from Statement (3) follows 
from the long exact sequence (HO) with T = T' = T". (4) follows from (1), (2) and 
Propositions 13.21 and 13.71 (5) is proved in lU Proposition 6.3]. (6) is a consequence of 
Proposition 13.61 □ 


4. Bounds for y 

In our approach to the study of how the moduli spaces of triples vary with the 
parameter, it is of crucial importance to be able to estimate the Euler characteristics 
x{T",r) = y(n",d",n',dO when T' and T" are polystable triples with the same a- 
slope. The basic idea is to identify x{T", T') as a hypercohomology Euler characteristic 
for the complex C*{T",T') defined in (I3.1|l and to notice that the complex is itself a 
holomorphic triple. As such it ought to satisfy a stability condition induced from the 
stability condition of T' and T”. In principle, a way to obtain the stability condition 
for C*{T",T') should be provided by the correspondence between the stability of the 
holomorphic triples and the existence of solutions to the vortex equations given by 
Theorem 12.81 However, there seem to be no simple way to construct a solution to 
the vortex equations for C*{T",T') from solutions on T' and T". Instead we consider 
slightly more general objects than triples, known as holomorphic chains. These are 
studied in [T]. 
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4.1. Holomorphic chains. A holomorphic chain is a diagram 


C\ Er, 


Em—I 


0m —1 


01 


E. 


where each Ei is a holomorphic vector bundle and E^ —> Ei_i is a holomorphic 
map. Let 


For ex 


/i(C) — /i(i?o © ■ 


Er, 


1 / IT' V’ ^ 0) • • • ) 

(q!i, ..., am) e M™, the cx-slope of C is defined to be 


/i«(C) = /i(C) + ^ aiXi(C). 

i=l 


The notion of CK-stability is dehned via the standard CK-slope condition on subchains, 
that is, for any holomorphic subchain C' C C we must have < /r«(C)- Semistabil¬ 

ity and polystability are defined as usual. A holomorphic triple is a holomorphic chain 
of length 2, and the stability notions coincide, taking a = (a). As for triples, there 
are natural gauge-theoretic equations for holomorphic chains, which we now describe. 
Dehne r = (tq, ..., r^) G by 


Ti = fia{C) - ai, i = 0,...,m. 


(4.1) 


where we make the convention uq = 0. Then o: can be recovered from r by 


a* = To - Tj, i = 0,..., m. (4.2) 

The T-vortex equations 

^/ElKE{Ei) + 0i+i0*+i - 0-= Ti Idij,, i = 0,..., m, 

are equations for Hermitian metrics on Eq, ..., Em- Here, as in ( 12 . bj) . E{Ei) is the 
curvature of the Hermitian connection on Ei, A is contraction with the Kahler form 
and vol(X) = 27r. By convention 0o = 4>ni+i = 0. One has the generalization of 
Theorem EB to the case of holomorphic chains. 


Theorem 4.1. Theorem 3.4] A holomorphic chain C is (x-polystable if and only if 
the T-vortex equations have a solution, where cx and r are related by (ED. 

4.2. A length 3 holomorphic chain. Let T' = {E[,E 2 ,(j)') and T" = {E'{, E'f, (f") 
be two triples. Let us consider the length 3 holomorphic chain 

C^(T", T'): E'l* ® ^ E'l* (8) © E'f* © E' ^ E'f* © E[, (4.3) 

where 

02 ( 0 ) = ( 0 ' 0 ,- 00 "), 
ai(01,02) = 0'02 - 010". 

We shall sometimes write this chain briefly as 

C*{T",r)-. C2^Ci ^Co- 

Note that the last two terms of C*{T", T') coincide with the complex C*{T", T'). Note 
also that C*{T",T') is not in general a complex. Our goal in this section is to prove. 
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using Theorem 14.IL that if T' and T" are a-polystable then C*(T",T') is CK-polystable 
for a suitable choice of a. 


Lemma 4.2. Let T' and T" he holomorphic triples and suppose we have solutions to 
the {t[,T 2 )-vortex equations on T' and the -vortex equations on T", such that 

t[ — t” = T 2 — T2 . Then the induced Hermitian metric on C*{T",T') satisfies the chain 
vortex equations 

■\/—1AF{Cq) + aiOi* = foldcp, 

\/ — lAT’(C'i) + Cl2®2* — = Ti Idc'j^, 

y/^AF{C2) - 02*02 = f2 Idc 


Co 5 

(4.4) 

■Cl, 

(4.5) 

C2 , 

(4.6) 


forr = (fo,fi,r2) given by 


h) ~ F '^2-1 


Tl = 

f2 = T2 


t" - r' 
'1 ~ '2 

II 


'2 ) 


Proof. We shall only show that the induced Hermitian metric satishes (USD, since the 
proofs that it satishes the two remaining equations are similar (but simpler). 

The vortex equations for T' and T" are 

^AF{E[) + fi'fi'* = t[ , V^AF{Ef) + = rf Id^jq 

= r'2 Ids., V^AF{E'fi) - = r'f Ids^ • 

We shall write the left hand side of (USD in terms of these known data of the triples 
T' and T” . First, we note that 

F(E'’) = -F{E'^\ i=l, 2 , 

and similarly for F{E"*). Hence 

F(C'i) = F{Er (8) © E”* © E' 2 ) 

= {F{El*)®ld + ld®F{E[), F{E'f*)®ld + ld®F{E'2)) 

= ®\d + ld®F{E[), -F{E'ffi ®\d + \d®F{E'2)). (4.7) 

Next we calculate ofi note that for © a; G Co and (r/i © 1 / 1,172 ® 1 / 2 ) G Ci we have 

(at(C©a:), (171 © 1/1,172 ® 7/2))^! = ^livi ® yi,V2® y2))c^ 

= {^®x, - 7710 " © 7/1 + 772 © fi\y 2 ))c^ 

= {^®x, © 7/1 + 772 © 0 '( 7 / 2 ))c., 

= -(e, 0 "'(hl)>sr (x,0'(7/2)>g, 

= -(</>"** (0, hi >s- 

= ' 2 )a:,{© 0 '*(a:)), (771 © 7 / 1,772 © 7 / 2 ))^^. 
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Hence, 

ai(^(8)a;) = ®a;, ^ (g) 0'*(a;)). (4.8) 

Similarly, to calculate consider x & C 2 and {rji (g) 1 / 1,172 ® 2 / 2 ) £ Ci. Then 

02(^1 ® 2/1, V 2 ® 2 / 2 ) =rii® 0'*(2/i) - ® 2 / 2 - (4.9) 

Using (ESI) and (031) we can now calculate for (r/i ® 1 / 1,172 ® 2 / 2 ) & C\\ 

0202 ( 1/1 ®yi,r]2®y2) 

= (i/i 0 0y*(2/i) - 0"**(h2) 0 0'(2/2), -0"*(hi) ® 0'*(2/i) + 0"V"**(h2) 0 2 / 2 ), (4.10) 
and 

OiOi(? 7 i 0 1/1, r/2 01/2) 

= (j)"\'qi) ®yi- 0"**(i72) 0 ^'( 2 / 2 ), -0"*(hi) (S) 0'*(2/l) +1/2 0 0'>'(l/2)). (4.11) 

Putting together (14.711 . (I4.1()|) and (I4.11|) we dually obtain 

{y/^KF{Ci) + 0202 * - oi*ai) (r/i 0 1 / 1 , 7/2 0 2 / 2 ) 

= (r/i 0 (x/^AF(E() + 0 ' 0 '*) (7/1) + (-^AF(E")‘ + (r/i) 0 2 /i, 

7/2 0 (^AF(E') - 0'*0') ( 7 / 2 ) - (^AF(E")* - ( 1 / 2 ) 0 2 / 2 ). (4.12) 

Notice that the unpleasant mixed term (—</>''**( 772 ) 00'(7/2), —4’"^{yi)®4’'*{.yi)) appears 
both in a^oi and 0203 and therefore cancels. This would not have been the case if we 
had considered the vortex equations on the triple C*{T", T') and is the reason why we 
must consider the chain C*{T",T'). Combining (I4.12|l with the vortex equations (or 
their transposes) for the triples T' and T" we get 

(a/^AF(C'i) + 02O2* - oi*ai) (771 0 7/1,772 0 7/2) 

= ((^1 - 't'Ovi ® 2 / 1 , (7-2 - ^2)^2 0 2/2)• ( 4 . 13 ) 

Since t[ — t” = T 2 — this concludes the proof. □ 

Proposition 4.3. Let T' and T" he a-polystable triples. Then the holomorphic chain 
C*(T",T') is OL-polystable for cx = ( 01 , 02 ) = (o,2o). 

Proof. Since the triples T' and T” are o-polystable, it follows from Theorem 12.81 that 
they support solutions to the (r(, rf)- and (r", )-vortex equations, respectively, where 
o = t[—T 2 = Tf—rf. Notice that r(—r" = r^—rf. Thus it follows from Lemma IT^ that 
the holomorphic chain C*{T",T') supports a solutions to the chain vortex equations 
for r = (r( - - t'{). Now Theorem IO and (Q imply that C*{T",T') 

is CK-polystable for 

ai = r( - rf - + rf = a, 

a 2 = t[- rf -T 2 + r" = 2a. 

□ 
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4.3. Bounds for x{T", T'). We start with some technical lemmas needed to estimate 
the Euler characteristic x(T",T'). 


Lemma 4.4. Let T' = {E[, 0') and T" = (E", , 0") he triples for which the chain 

C*{T",T') is cx = {a, 2a)-polystable. Let 

Cl = E'i* ®E[® E'f* ® E', 

Co = E'f*®E[, 

and ai: Cl —Co he defined as in Then the following inequalities hold. 

deg(ker(ai)) ^ rk(ker(ai))(/i„(T') - /i«(T")), (4.14) 

deg(im(ai)) < (rk(Co) - rk(im(ai))) (/i„(T") - /la(T') - a) + deg(Co). (4.15) 

Proof. If rk(ker(ai)) = 0 then (j4.14|l is obvious. Assume therefore that rk(ker(ai)) > 0 . 
Using ker(ai), we can then dehne a quotient of the chain C*(T",T') by 

/C: 0 ^ ker(ai) ^ 0 . 

Thus, since piaihC) = /x(ker(ai)) + a, it follows from the dehnition of a-polystability 
that 

/i(ker(ai)) + a ^ /i«(^«(T", T')) = /i„(T') - /i„(T'0 + a. 


We therefore have 

/i(ker(ai)) ^ PaiT') - fia{T"), 

which is equivalent to (gm. The second inequality, i.e. (ginD, is obvious when 
rk(im(ai)) = rk(Co). We thus assume rk(im(ai) < rk(Co). Using the cokernel coker(ai) 
(or its saturation if it is not torsion free), we can dehne a subchain of the chain 

C*{r',r) by 

Q-. 0 —0 —>• coker(ai). 


By the CK-polystability of C*(T",T') we have p-aiQ) ^ Pa{C'{T",T')). This, together 
with the fact that 


/i(coker(ai)) ^ 


deg(Co) - deg(im(ai)) 
rk(Co) — rk(im(ai)) 


leads directly to 14.151 


□ 


Lemma 4.5. Let d \ — >■ U/ and c": Vfi —> Vf be linear maps between finite dimen¬ 
sional vector spaces. Assume that U/ © 7^ 0 and Vfi © 7^ 0. Define 

f : Hom(U0, U/) © Hom(U 2 ", V^) Hom(U 2 ", U/) 

(01,02) I-^ C'02 - 01C". 

If f is an isomorphism, then exactly one of the following alternatives must occur: 

(1) v; = Vfi = 0 and d = d' = 0. 

(2) Vfi = 0, V(, Vfi Vfi 7 ^ 0 and d: ^ V(. 

(3) U 2 ' = 0, VI, Vfi, Vfi 7 ^ 0 and c" : U 2 " ^ Vf. 

In particular, if Vfi Vfi Vfi and Vfi are all non-zero then f cannot be an isomorphism. 
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Proof. If (c', c") = (0, 0) then / = 0 and therefore 

VI) = Honi(I/", I//) = VomiVf, VD = 0. 

If V! 7 ^ 0 then Vf = Vf = 0 i.e. Vf © Vf = 0. Hence = 0. Similarly one sees that 
Vf = 0 and thus alternative (1) occurs. Henceforth assume that (c', c") ^ (0,0). Let 
r' = dim Vf and r” = dim Vf for i = 1,2. If / is an isomorphism then ©r^V^ = r'Ir'i 
from which it follows that r'^r'^ — rf) = r'lr[ and r((r 2 — r") = Hence 

r[ ^ r', (4.16) 

r'l ^ r'l. (4.17) 

Assume that we have strict inequality in (j4.16|l and (14.1711 . Then, in particular, 
coker(c') and ker(c") must both be non-zero. Choose a complement to im(c') in H/ 
so that 

VI = im(c') © im(c')-‘-. 

We then have an inclusion 

Hom(ker(c"), im(c')-‘‘) YlomiV^ ,Vl). 

Let = (V’i,t/’ 2 ) £ Hom(VY', Vl) © YlomiyH, Vf) and x G ker(c"), then 

f{'tp){x) = c''il) 2 {x) - ipic!{x) = c''il) 2 {x), 

which belongs to im(c'). Hence im(/) and Hom(ker(h'), im(h)‘'') have trivial inter¬ 
section and, therefore, / cannot be an isomorphism, which is absurd. It follows that 
equality must hold in at least one of the inequalities (I4.16|l and (mm). Suppose that 
equality holds in (I4.16|l . i.e. = 0. Then = 0, i.e. = 0 or r'/ = 0. 

Suppose hrst that = 0, then = 0, which contradicts our assumption that 

V! © V! 7 ^ 0. Thus we must have r" = 0 and r( 7 ^ 0. We thus also have V^ 7 ^ 0 (since 
r '2 = r[) and 14' 7 ^ 0 (since r'f + r" 7 ^ 0). Furthermore, since (c',c") 7 ^ (0,0) we can 
assume that c" 7 ^ 0. In this case /(' 0 i, 4 ’ 2 ) = /(f/^ijO) = —In particular, if / is 
an isomorphism then so is c". Thus alternative (2) occurs. In a similar manner one 
sees that if equality holds in (HT7I) then alternative (3) occurs. Obviously the three 
alternatives are mutually exclusive. □ 

Lemma 4.6. Suppose that T' and T" are non-zero triples of types (n(, (i(, ^ 3 ) 

{n'l, n'l, dl, d'D respectively. Let ni = + n'l, n 2 = n '2 + n'l, di = d^ + d'l, ^2 = <^2 + '^ 2 ^ 
/ii = di/ni, and fi 2 = d 2 /n 2 . Let am and om be the extreme a values for the triples of 
type (ni, 77-2, dl, ^ 2 ), as defined in and with the convention that om = 00 if 

ni = 772. Let am < a < aM and suppose that tia{T') = p,aiT"), then the map 

ai: E'l* ®E[® E'f* © E' ^ E'f* ® E[ 

cannot he an isomorphism. 

Proof. Let us consider the triple T = T'©T". It is clear that ©^(T) = piaiT') = pia{T"). 

If Oi is an isomorphism then, applying Lemma 14.51 hbrewise. it follows that one of 
the following alternatives must occur: 

(a) E[ = E'J,=Q and cf' = cf" = 0. 

(b) E'l = 0, E' 2 , E” 7 ^ 0 and cf'■. E'^ ^ E[. 

(c) E '2 = 0, E'l, E'l ^ 0 and 0": E'f ^ Ef. 
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We shall consider each case in turn. Case (a). In this case we have T' = (0, i?2,0), 
T" = (El, 0, 0) and T = (Ei, E 2 , 0). It follows from ^aiT') = fia{T) that a = /i(Ei) — 
/x(E 2 ) = am- Case (b). In this case we have rii = n[ and n 2 = n^ + n'^ = n'-^+n'^. Hence 
712 > 111 - Furthermore, from /7 q,(T') = /7a(T) we get /7(Ei) + ^ = /7(Ei©E2)+ i.e. 

~ Case (c). In this case we have 712 = n',^ and tii = = 77 '^+ 772 '. 

Hence 77i > 772 . Furthermore, from HaiT") = fia(T) we get a = am = aM- If 
TT-i = 772 then case (a) is the only possibility, so a = am- If ni 7 ^ 112 , then (a) or exactly 
one of (b) and (c) are the only possibilities, depending on whether < 772 or rii > 772 . 
In both cases we see that a = am or a = aM- D 

Proposition 4.7. Suppose that T' and T" are non-zero triples of types 
and (77'/, 772 , di, ^20 respectively. Let ni = ti'i + 77'/, 772 = 772 + n'^, di = d[ + d'(, 
^2 = ^2 + ^ 2 , /7i = di/ni, and p ,2 = ^ 2 / 772 . Let am and aM be the extreme a values 
for the triples of type ( 771 , 772 ,^ 1 ,^ 2 ); as defined in H2.^) and (HD, with the convention 
that aM = 00 if ni = 772 . Let am < a < aM- Suppose that p-aiT') = paiT") and that 
the chain C*(T'',T'), as defined in is [a, 2a)-stable. Then 

x{T\T')^l-g 

if a ^ 2g — 2. In particular, if g ^ 2 then x{T",T') ^ 0. 

Proof. From the long exact sequence (in and the Riemann-Roch formula we obtain 

x{T\T') = (1 -^)(rk(Ei) -rk(Eo)) +deg(C'i) -deg(C'o), (4.18) 

where Ei and Cq are as in (D- We can apply Lemma m and then use the estimates 
(ITOl) and (HT3D . Together with 

deg(Ei) = deg(ker(ai)) + deg(im(ai)), (4.19) 

rk(Ei) = rk(ker(ai)) + rk(im(ai)), (4.20) 

these yield 

deg(Ei) ^ (/7„(T') - /7„(T'0)(rk(Ei) - rk(Eo)) 

- Q!(rk(Eo) - rk(im(ai))) + deg(Eo). 
Using that Pa(T') = pa(T"), we can then deduce that 

deg(Ei) - deg(Eo) ^ -a(rk(Eo) - rk(im(ai))). 

Combining this with (HTHl) we get 

X(T",T0 ^ (l-^ 7 )(rk(Ei)-rk(Eo)) -a(rk(Eo)-rk(im(ai))). (4.21) 

If a ^ 25 f — 2 then we get 

X(T",T') ^ (l-(7)(rk(Eo)+rk(Ei)-2rk(im(ai))), 

with equality if and only if a = 25 f — 2. Furthermore rk(im(ai)) ^ rk(Eo) and rk(ai) ^ 
rk(Ei), with equality in both if and only if ai is an isomorphism. Thus in all cases we 
get x(T",T') ^ 0, with equality if and only if a = 25 f — 2 and ai is an isomorphism. 
But by Lemma (4.01 since am < a < aM-, then Oi cannot be an isomorphism. Thus in 
all cases we get rk(Eo) + rk(Ei) — 2rk(im(ai)) ^ 1 and hence x(T",T') ^ 1 — g. □ 
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Remark 4.8. Since the roles of T' and T" in Proposition 14.71 are symmetric, we obtain 
the same bound for x(T',T"). 


5. Crossing critical values 


In this section we study the differences between the stable loci A/"^ (n, d) in the moduli 
spaces Afa (n, d), for hxed values of n = (ni,n 2 ) and d = {di,d 2 ) but different values 
of a. Since in this section n and d are hxed, we use the abbreviated notation 

■^a = d) and Afa = A/”Q,(n, d). 

Our main result is that for all a ^ — any differences between the Aff are conhned to 

subvarieties of positive codimension. In particular, the number of irreducible compo¬ 
nents of the spaces Aff are the same for all a satisfying a ^ 2g — 2 and am < a < 

If the coprimality condition GCD(? 7 , 2 , ni -|- n 2 , di -|- ^ 2 ) = 1 is satished, then Aff = Afa 
at all non-critical vales of a, so the results apply to Afa for all non-critical a ^ 2g — 2. 

We begin with a set theoretic description of the differences between two spaces Aff^^ 
and Aff^ when ai and ^2 are separated by a critical value (as dehned in section EH)). 
For the rest of this section we adopt the following notation: Let Pc be a critical value 
such that 

Pm < Pc < OiM- (5.1) 

Set 

p^ = Pc + e, pj = Pc — e, (5.2) 

where e > 0 is small enough so that Pc is the only critical value in the interval (p^, p^)- 

5.1. Flip Loci. 

Definition 5.1. Let Pc G (p^jPat) be a critical value for triples of type (n, d). We 
dehne flip loci S^± C Af^± by the conditions that the points in S^+ represent triples 
which are p;f-stable but p^-unstable, while the points in S^- represent triples which 
are p^-stable but p+-unstable. 

Remark 5.2. The dehnition of 5^,+ can be extended to the extreme case Pc = Pm- 
However, since all pj;-stable triples must be p“-unstable, we see that S^+ = Af^+. 
Similarly, when rii 7 ^ 712 we get S - = Af^- . The only interesting cases are thus those 
those for which p^ < Pc < pm- 


Lemma 5.3. In the above notation: 


=AC -5„-. 


(5.3) 


Proof. By dehnition we can identify Af^+ — S + = Af^- — S -. 

CXq c O; q c 

Suppose now that t is a point in A/”®+ — 5 + = A/”®_ —S- , but that t is not in Aff . Let 
T be a triple representing t. Then T has a subtriple T' CT for which fiaflT') ^ RaflT), 
and also /i^±(T') < This is not possible, and hence t G Aff^. 

Finally, suppose that t G Aff^ and let T be a triple representing t. Then g.aflT') < 
fiaflT) for all subtriples T' C T. But since the set of possible values for g.aflT') is 
a discrete subset of R, we can hnd a d > 0 such that fiadT') ~ RaflT) ^ —d for all 

^When rii 712 the bounds and au are as in (EHJi and itO) . When rii = we adopt the 
convention that olm = 00 
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subtriples T' C T. Thus p^±(T') — /i^±(T) < 0. That is, t is in A/'^±, and hence 

Our goal is to show that the flip loci S^± are contained in subvarieties of positive 
CO dimension in Af^± respectively. 


Proposition 5.4. Let Oc G (om, c^m) be a critical value for triples of type (n, d) = 
(ui, ^ 2 , di, ^ 2 )- Let T = {Ei,E 2 ,(j)) be a triple of this type. 

(1) Suppose that T represents a point in S^+, i.e. suppose that T is af-stable but 
af -unstable. Then T has a description as the middle term in an extension 

0 ^ T' ^ T ^ T" ^ 0 (5.4) 


in which 

(a) T' and T" are both af-stable, with /i^+(T') < /i^+(T), 

(b) T' and T" are both ac-semistable with fiaST') = fiadT). 

(2) Similarly, ifT represents a point in S^-, i.e. ifT is af-stable but af-unstable, 
then T has a description as the middle term in an extension (3^7) in which 

(a) T' and T" are both -stable with < pi^-{T), 

(b) T' and T" are both ac-semistable with /iQ,^(T') = Pq,^(T). 


Proof. In both cases (i.e. (1) and (2)), since its stability property changes at Oc, the 
triple T must be strictly Oc-semistable, i.e. it must have a proper subtriple T' with 
/iQ,^(r') = /io^(T). We can thus consider the (non-empty) set 

.f, = {r c TI }. 


Proof of (1) Suppose hrst that T is a+-stable but -unstable. We observe that if 
T' G El, then 


n'i+?T .2 


< 


allowed values for 


n^+n 2 

-|- n 2 7 ^ 0 . We can thus dehne 


E , since otherwise T could not be oj'-stable. But the 

711+712 ’ C 

are limited by the constraints 0 ^ ?7,( ^ ni, 0 ^ U 2 ^ 'U 2 and 


An = max 


n '2 


-|- n '2 


T' G El 


and set 


E2 = I Tid El 


n '2 


— An 


n'l + n'2 

Now let T' be any triple in E 2 - Since T' has maximal Oc-slope, we can assume that 
T" = T/T' is a locally free triple, i.e. if T" = {E'f,Ef,^) then E'f and Ef are both 
locally free. Furthermore, since T is Oc-semistable and /ia^(T') = = TaS'^"), it 

follows that both T' and T" are Oc-semistable and of the same Oc-slope. We now show 
that T" is o^-stable. Suppose not. Then there is a proper subtriple T" C T" with 
^ However, since we can assume that af is not a critical value for 

triples of type (T"), we must have 

PatiT'') > 

Thus, since {T") is ttc-semistable, we must have /iQ^(T") ^ and also 


Un 


n't + n't, 


> 




n'{ -I- n '2 
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If fj,a^{T") < say fj,a^{T") = Ha^iT") — 6, then in order to have fj,^+{T'') > 

fi^+(T") we must have 


ho rin S 


h" + 712 


> 


n'[ + n 2 e 


Letting e approach zero, we see that 


fij+722 


must be arbitrarily large. This cannot 


be if 0 ^ h'{ ^ n'l and 0 ^ h '2 ^ n'^ (and n'[ + h'^ > 0). We may thus assume 
that fia^{T") = fia^(T"). Consider now the subtriple T' C T dehned by the pull-back 
diagram 

0 ^ T' ^ T' ^ T" ^ 0. 

This has po^(T') = /iQ,^(T") = /Xq,^(T) and thus 


Tin 


^An¬ 


no 


Til + 712 ^1 + ^2 

It follows from this and the above extension that 


Tin 


h'{ -I- h 2 


^ An — 


Tin 


7 l[ + 7I2 


However, since fj,a^(T') = HadT) but ^^+(T') < fi^+(T), we have that 


7i'2 


< 


Tin 


Tl'i + 712 

Combining the previous two inequalities we get 


7 %'( + 7I2 


Tin 


h'l + h2 


< 


Un 


Tl'l -f 7I2 


which is a contradiction. 

Now take T' G T 2 with minimum rank (i.e. minimum n+n^) in + 2 . We claim that T' 
is a+stable. If not, then as before it has a proper subtriple T' with / 1 q,^(T') ^ fiadT') 


and 


n^+722 


> 


n'l+722 * 


Then n(-|-h 2 < n(-|-n 2 , which contradicts the minimality of 


Thus T' is a+stable. Moreover, since T is a+stable it follows that /i„+(T') < fi^+{T). 
Thus taking T' G T 2 with minimum rank, and T" = T/T', we get a description of T 
as an extension in which (a)-(b) are satished. 


Proof of (2). If T is -stable but a+unstable, then ^ 
The proof of (a) must thus be modihed as follows. With 


> 


n2 


nj+nj ni+n2 


for all T' e Ti. 


An = min 


Tin 


7 l\ 


Tin 


r G 


we can dehne 


J^2 = \T' 


n '2 


Tl'l + 7I2 


— An 


and select T' G +2 such that T' has minimal rank in 7^2- It follows in a similar fashion 
to that above that T has a description as 

0 ^ T' ^ T ^ T" ^ 0 

in which all the requirements of the proposition are satished. □ 
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Remark 5.5. Unlike for Jordan-Holder filtrations for semistable objects, the filtrations 
produced by the above proposition are always of length two, i.e. always yield a de¬ 
scription of the semistable object as an extension of stable objects. This is achieved 
by exploiting the extra ‘degree of freedom’ provided by the parameter ac- The true 
advantage of never having to consider extensions of length greater than two is that it 
removes the need for inductive procedures in the analysis of the flip loci. 


Definition 5.6. Let Oc £ be a critical value for triples of type (n, d). Let 

(n',d') = (nj, n 2 , d'l, ^ 2 ) (n",d") = (n'/, d", be such that 

(n, d) = (n , d') + (n", d"), (5.5) 

(i.e. Til = nj + n'/, ^2 = n '2 + di = dj -|- d", and d 2 = d^ -|- d^'), and also 


dj -|- d^ 


+ Oir 


Ur, 


d'l + d” 


Olr 


Tin 


n'[ + 77.2 


(5.6) 


nj -|- n'2 ' n'2 n'( + n'2 

(1) Dehne S^+ (n", d", n', d') to be the set of all isomorphism classes of extensions 

0 — >T' — >T — >T" —^ 0, 

where T' and T" are a^-stable triples with topological invariants (n',d') and 
(n", d") respectively, and the isomorphism is on the triple T. 

(2) Dehne 5°+(n", d", n', d') C 5^+(n", d", n', d') to be the set of all extensions for 

which moreover T is a^-stable. In an analogous manner, dehne S^- (n", d", n', d') 
and iS°_(n", d", n', d') C iS^+(n", d", n', d'). 

(3) Dehne 

4+ = U, 5 ;, =|j5»j(n",d",n',d') 


where the union is over all (nj, 77 , 2 , dj, d' 2 ) and (77,'/, n' 2 , d'/, d' 2 ) such that the above 
conditions apply, and also -rr_^ < ,7^ 

’ n^+n2 nj+rij 

(4) Similarly, dehne 



U 




n 


n 


d') , 5" 




n 


, n 


,d') 


where the union is over all (77 j, 712, dj, d' 2 ) and (77", n'^, d'l, d'l) such that the above 
conditions apply, and also -r^ > ,7? 


Remark 5.7. It can happen that or is empty. For instance there may be 
no possible choices of ( 77 ^, 773 , dj, d^) and {nl,n'l,d'l,d'l) which satisfy all the required 
conditions. In this case, the implication of the next lemma is that one or both of the 
hip loci is empty. 


Lemma 5.8. There are maps, say -^7^’ which map triples to their 

equivalence classes. The images contain the flip loci S ^±. 

Proof. The existence of the maps is clear. The second statement, about the images 
of the maps, follows by Proposition 15.41 Indeed, suppose that T represents a point in 
and that 

0 ^ T' ^ T ^ T" ^ 0 
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is an extension of the type described in proposition 15.41 with T' a triple of type (n', d') 
and T" a triple of type (n",d"). Then (n', d') and (n', d') satisfy conditions (j5.5|l and 
(15.51) . Fnrthermore, since u+(T') < u+(T"), we mnst have Thus T is 

contained in n'''(iS°+). A similar argument shows that S^+ is contained in □ 


5.2. Codimension estimates and comparison of moduli spaces. Consider a crit¬ 
ical value Oc £ for triples of type (n, d). Fix (n',d') = (n'^, n^, d'l, ^ 2 ) 

(n", d") = {n'l, n^, d'(, d'^) as in Definition 15.51 For simplicity we shall denote the moduli 
spaces of o^-semistable triples of type (n',d'), respectively (n",d"), by 

W± = A/”q,± (n , d') and ATC = N'^± (n", d"). 

Proposition 5.9. If ac > 2g — 2 then 5^±(n", d", n', d') is a locally trivial fibration 
over J\f^± X AA±, with projective fibers of dimension 

-X(n",d",n',d0-1. 

In particular, iS„± (n", d", n', d') has dimension 

1 - X(n', d', n', d') - x(n", d", n", d") - x(n", d", n, d'), 

where x(n', d', n', d') etc. are as in section\^ The same is true for S^+{y\", d", 10 !,<11) 
when ttc = 2g — 2. 


Proof. From the dehning properties of 5^±(n", d", n', d') there is map 

(n", d", n, d') —^ AA± x (5.7) 

which sends an extension 

0 ^ T' ^ T ^ T" ^ 0 


to the pair ([T'j, [T"]), where [T'j denotes the class represented by T' and similarly for 
[T"]. We hrst examine the hbers of this map. 

Notice that T' and T” satisfy the hypothesis of Proposition 15.51 and therefore of 
Corollary 15.71 Notice moreover that, since /i^±(T') < /i^±(T"), it is not possible to 
have T' = T". Thus (cf. Corollary 15.71 and Proposition 15.5r 2ii we have 

dimP(Ext^(T",T')) = dimExt^(T", T') - 1 
= -x(T",T')-l 

= -X(n", d", n', d') - 1, (5.8) 

which is independent of T' and T". Note that if ac = 2g — 2, T' and T" satisfy the 
hypothesis of Proposition I5.5f 2ii for af, but not for af. 

It remains to establish that the hbration Q is locally trivial. If the coprimality 
conditions GCD(n^, d'l + d'2) = I = GCDin'j^n'fid'l + d'fi) hold then the moduli 
spaces AA± and N''^± are hne moduli spaces (cf. |2S1)- That is, there are universal 
objects, say W and lA” , dehned over AA± x X and AAC x X. These can be viewed as 
coherent sheaves of algebras (cf. j2]), or more precisely as examples of the Q-bundles 
considered in uni- Pulling these back to AA± x AAC xX we can construct Hom{lA'', W) 
(where we have abused notation for the sake of clarity). Taking the projection from 
M' ± xM"± X X onto M' ± xM'f, we can then construct the hrst direct image sheaf. By 

"c etc «c Oc O J 
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the results in cni, we can identify the hbers as hypercohomology groups which, in this 
case, parameterize extensions of triples. We thus obtain S^± as the projectivization 
of the hrst direct image of Hom{U'\U'). If the coprimality conditions fail, then the 
universal objects do not exist globally. However they still exist locally over (analytic) 
open sets in the stable locus in the base x AA ±. This is sufficient for our purpose 

since by construction the image of the map in (EZI lies in the stable locus. The result 
now follows from (lEHl) and formula (Eli) (in Theorem ld.8|l as applied to M'± and 

□ 

«c 

Proposition 5.10. If ac > 2g — 2 then the loci S^± C are locally contained in 
subvarieties of codimension hounded below by 

min{-x(n",d",n',d')}, 

where the minimum is over all (n', d') and (n", d") which satisfy H5.51) and /I5.61) and 

the case ofS^+) or ^ (in the case ofS^-). The 

same is true for S^+ when ac = 2g — 2. 

Proof. U Uc > 2g — 2 then we can assume af ^ 2g — 2. Clearly also, af ^ 2g — 2 
when ac = 2g — 2. Thus by Theorem 15.81 the moduli spaces AA^i are smooth and have 
dimension 1 — y;(n, d, n, d). By Corollary ESI and Proposition 15.01 we obtain 

dimA^i = 1 - x(n', d', n, d') - x(n", d", n", d") 

-X(n",d",n',d')-x(n',d',n",d'0 

= dim4± (n", d", n', d') - x(n', d', n", d"). 

□ 

Proposition 5.11. Let T' and T” he af-polystable triples. Then the holomorphic 
chain C*(T",T') (as defined in \4-3i )) is {ac,2ac)-polystable. 

Proof. From Proposition 14.,11 we have that the o^-polystability of T' and T" implies 
the (a^, 2a^)-polystabihty of C*{T",T'). 

Now, the critical values for the chain form a discrete set of points in the ( 01 , 02 ) 
plane. We can thus pick e > 0 so that, with o^ = Oc ± e, the point (o^, 2o^) is not a 
critical point. We can in fact assume that there are no critical points in H°(oc,2oc), 
i.e. in the punctured ball of radius e centered at (oc, 2oc). Thus (o^, 2o^)-polystability 
is equivalent to (oc, 2oc)-polystability. □ 

Theorem 5.12. Let Oc G [am.otM) be a critical value for triples of type (n, d). If 
Oc > 2gf — 2 then the loci S^± C A/”^± are contained in subvarieties of codimension 
at least g — 1. In particular, they are contained in subvarieties of strictly positive 
codimension if g ^ 2. If ac = 2g — 2 then the same is true for S^+. 

Proof. Combining Propositions 14.71 and 15.111 we have that 

-X(n',d',n",d") = -X(T',T")^<7-1 


(notice that the order of T' and T" in these Propositions is irrelevant). The result 
follows now from Proposition 15.101 □ 
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Theorem 5.13. Let ai and be any two values in {am, oim) such that 2g — 2 ^ ai 
and am < Oi < 02 < «m- Then the moduli spaces and A/'®^ have the same number 
of irreducible components, in particular, is irreducible if and only if is. 

Proof. This follows immediately from Theorem 15.121 if oi and 02 are non-critical, and 
from Theorem 15.121 together with Lemma f5.31 if either of them is critical. □ 


6 . Special values of a 

In this section we identify some critical values and special subintervals in the range 
{am,aM)- We describe their signihcance for the structure of a-stable triples. 


6.1. Small a. Let am = am+e, with e such that the interval {am, does not contain 
any critical value (sometimes we refer to this value of a as small. The following is 
important in the construction of the moduli space for small a (|3]). 

Proposition 6.1. If a triple T = {Ei,E 2 ,(f>) is asemistable triple, Ei and E 2 are 
semistable. In the converse direction, if one of Ei and E 2 is stable and the other is 
semistable, T = {Ei,E 2 ,(f>) is af^-stable. 

Corollary 6.2. // GCD(ni, di) = 1 and GCD(n 2 ,d 2 ) = 1; then M^+{ni,n 2 ,di,d 2 ) is 
isomorphic to the projectivization of a Picard sheaf over M{ni, di) x M{n 2 , ^ 2 ), where 
M{n, d) is the moduli space of stable bundles of rank n and degree d. 


Proof. Let Ei and E 2 the universal bundles over X x M{ni,di) and X x M{n2,d2), 
respectively. Gonsider the canonical projections 

TT\ X X M{ni,di) X M{n2,d2) —^ M{ni,di) x M{n2,d2) ; 

Tc: X X M{ni, di) x M{n2, ^ 2 ) — X ; 

TTi: X X M{ni, di) x M{n 2 , ^ 2 ) —X x M{ni, di) ; 

712 '. X X M{ni, di) X M{n2, ^ 2 ) —>■ X x M{n2, ^ 2 ) . 

From Proposition 16.11 we deduce that 

AG+(rii, 77-2, di, 62 ) = P(i?V*(7riEi ® tt^E^ ® Tt*K)*). 

□ 


6.2. Critical values determined by the kernel. Throughout this section we as¬ 
sume that the triple {Ei, E 2 , (f) has type (ni, 77,25 di, d 2 ), with 77i ^ 772 . The case 77i < 772 
can be dealt with via duality of triples. 

Definition 6.3. For each integer 0 ^ j < 772 set 

- X IF —I-i(hi - h2)• (6.1) 

Proposition 6.4. Let T = { Ei , E 2,4>) be a triple in which ni ^ 772. Let N <Z E2 be 
the kernel of (f) : E 2 —> Ei. Suppose that T is a-semistable for some a > aj. Then N 
has rank at most j. In particular, if T is a-semistable for some a > ao then N = 0, 
i.e. cf) is injective. 
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Proof. Suppose that 


rk(A^) = k > 0. (6.2) 

We consider the subtriples T/v = (0,iV, 0) and Tj = (J, where / denotes the 

image sheaf im(0). If iV 7^ 0, then the triple Tjv is a proper subtriple, and so is Tj 
since rii ^ n2. The a-semistability condition applied to Tjv yields 


ani ^ (rii + n2)(/r - /xat), 

where denotes the slope of N and fi is the slope of Ei® E 2 . 

The a-semistability condition applied to T/ yields 

/i(£^2 © d) + a- -^ /r + Q. - , 

^ + 72-2 rii + n2 

where i = rk(/). Furthermore, from the exact sequence 

0 —>■ N —>■ E 2 —> I —^ 0, 

we get 

k + i = n2, 

k/XjSf + ifTj = n2/7.2- 

Using (EH) we can write 

^ T\ 2n2/X2 - k^N 

® = 2n,-k 

and hence EH yields 

-k{ni + n 2 )fiN ^ (7^l + n2)((2n2 - fc)/i - 2/12/12) + an 2 {n 2 - k - ni). 
Combining k times EH and EH yields 

2711712 


a < 


-(/ll — /i2). 


712(711 - 712) + ^(tii + 712) 

We have thus shown that if rk(iV) = k and the triple is a-stable, then 


(6.3) 

(6.4) 

(6.5) 

( 6 . 6 ) 

(6.7) 

(6.8) 
(6.9) 

( 6 . 10 ) 


where ock-i is given by EH with j = k — 1. Since 


C^k — l ^ ^ ^ Qiyi2_l, 

we can conclude that if the triple is a-semistable with a > ak-i, then the rank of N 
is strictly less than k. In particular, if a > oq, where 

_ 2711712 

712(711 - 712) + (tii + 112) ’ 

then T is injective. 

As an immediate consequence we obtain the following. 

Proposition 6.5. Let a > ao, where oq is given by 

(1) A?i a-semistable triple {Ei,E 2 ,(j)) defines a sequence of the form 

0 — >E2^Ei — >E®S —^ 0, (6.12) 

where E is locally free and S is a torsion sheaf. 


( 6 . 11 ) 

□ 
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(2) If Til = ^2 then an a-semistable triple {Ei, E 2 , 0) defines a sequence of the form 


0 — E 2 —^ El — S —0, 
where S is a torsion sheaf of degree di — d 2 . 

Lemma 6.6. Let ao be given by 
(1) Ifni > ^2 then 

n2{ni - 772 ) 2nin2 


(6.13) 


ail — 


-O'M = 


-Oir, 


772(711 - 77-2) + rii + 772 77-2(77-1 - 77.2) + 77i + 77-2 

where am and au are given by and /fO) . respectively. 

(2) //77i = 772 = 77 then 

ao = nam = n{ni — 112) = di — c? 2 - 

(3) Ifni ^ 772 then ao ^ am, with equality if and only if am = 0 or 772 = 1. 
Proof. Parts (1) and (2) are immediate. Using (1) we compute 

77i + 772 


(6.14) 


(6.15) 


^0 


772(771 - 772) + 771 + 772 


(772 1)0^, 


from which (3) follows. 


□ 


6.3. Critical values determined by the cokernel. In this section we assume that 
77 i > 772 . The range for a is then [am,OiM], where am and om are given by (12.211 and 
(Q. Let us define 

at := Om- 7 -r- (6.16) 

772(771 - 772 ) 

Proposition 6.7. Suppose that a triple T = {Ei, E 2 , 4>) of the form with ni > 772 

is a-semistable for some a > am- Then 

772 ( 771 - 772 ). . 

s ^ ^- ^(om - a), 

(77i +772) 

where s is the degree of S. In particular, if a > at, then S' = 0, i.e. the quotient sheaf 
E 1 /E 2 is locally free. 

Proof. If T = {El, E 2 , 0) is of the form in (j 6 . 12 jl . with S' 7 ^ 0, then we can find a proper 
subtriple T' = {E[, E 2 , 4>) of the form 


0 


E 2 


E'l 


S 


0 . 


(6.17) 


Indeed, E[ is the kernel of the sheaf map Ei —^ + © S' —> S. Notice that 77( = 772 
and d'l = d2 + s, where n'l, d'l denote the rank and degree of E'l, etc. We compute 


A„(rO = 


77i 


(+2 — + 1 ) + „ 

771 + 772 2 


a / 77i — 772 


77i + 772 


+ 


2770’ 


(6.18) 


where, as in (EH), A„(T') = /i„(T') - /i„(T). But 

77i aM (ni — n2 

771 + n2 (^1 Ui +772 
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and hence 


A„(T') = 


ni - n2 


a — C(M "h 


ni + n2 

712(ni - ^2)' 


2 (ni + 772) 

If the triple is a-semistable then Aq,(T') ^ 0 and the resnlt follows. 
Let ns dehne 

ae = max{Q!m,Q!o,a7}. 

The following is an immediate consequence of Proposition lti.7l 


(6.19) 

□ 

( 6 . 20 ) 


Proposition 6.8. Let a > ae- An a-semistable triple {Ei,E2,4>) defines an extension 


0 — >E2^Ei — >E —^ 0, (6.21) 

with E locally free. 

It turns out that for extension like (insi), arising from semistable triples the dimen¬ 
sion of H^{E 2 (8) E*) does not depend on the given triple. More precisely: 

Proposition 6.9. Let {Ei,E2,4>) be an a-semistable triple in which ker0 = 0 and 
coker 0 is locally free, defining an extension like \6.21\) . Then H^{E 2 ® E*) = 0 and 
hence 

dim H^{E 2 ® E*) = 772^1 — 771^2 + — n 2 ){g — 1). (6.22) 

Proof. From Lemma 4.5] we have that the a-semistability of {Ei, E 2 , 4>) for arbitrary 
a implies that H^{Ei ® E 2 ) = 0. From (j6.21 jl . we have an injective homomorphism 
E* —>• Efi which after tensoring with E 2 gives that H^{E 2 ®E*) injects in H^{Ei®Elfi), 
and hence the desired vanishing. By Riemann-Roch we obtain (jni22D. □ 

7 . Moduli space of triples with 771 7^ 772 

Throughout this section we assume that 77i > 772 . The case 77i < 772 can be dealt 
with by triples duality. Recall that the allowed range for the stability parameter is 
Oim ^ ^ um, where = Ti — P 2 and om = and we assume that 

/ii — /i 2 > 0. We describe the moduli space A/0 for 25 f — 2 ^ a ^ om, beginning with 
a = aM- 

7 . 1 . Moduli space for a = aM- 

Proposition 7.1. Let T = {Ei, E 2 , 0) be an aM-polystable triple. Then Ei = im0©F, 
where E = coker 0, and T decomposes as the direct sum of two aM-polystable triples 
of the same au-slope, T' and T", where T' = (im0, F/ 2 , 0 ), and T" = (F, 0,0). In 
particular, T is never aM-stable. Moreover, F 2 = im0 and E 2 and E are polystable. 

Proof. By Proposition, 16.81 T dehnes an extension 

0 —> E2^ El — > E —^ 0, (7.1) 

with E locally free. Let T' = (im0, F 2 , 0). Of course 0 : F 2 —> im0 is an isomorphism, 
and 

= P{E2) + 

but this is equal to and hence T cannot be ciM-stable. Since we assume that 

T is OfM-polystable, it must decompose as T' © T", where T” = (F, 0,0). It is clear 
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from the polystability of T that T' and T" are OM-polystable with the same ctM-slope. 
Applying the ctM-semistability condition to the snbtriples (i? 2 ) 0(-^2)) 0) ^ 

(F', 0,0) C T", we obtain that ^ /w(F 2 ) and /i(F') ^ /u(F), and hence F 2 and 

F are semistable. In fact the polystability of T' and T" imply the polystability of F 2 
and F, respectively. □ 

As a conseqnence of Proposition 17.IL we obtain the following. 

Corollary 7.2. Suppose that ni > n 2 and pi — /i 2 >0. Then 

A/'aji^(ni,n 2 ,di,(i 2 ) = A/'„j^^(n 2 , ^ 2 , (i 2 , ^ 2 ) x M(ni -n 2 ,di - ^ 2 ), (7.2) 

where M(ni — 77 , 2 , di — ^ 2 ) the moduli space of poly stable bundles of rank ni — n 2 and 
degree di — ^2 ■ 

7.2. Moduli space for large a. Let ai be the largest critical valne in {am,C(M), 
and let Ml (respectively Mf) denote the modnli space of a-polystable (respectively 
a-stable) triples for < a < om- We refer to Ml as the ‘large a’ modnli space. By 
dehnition, is at least as big as Og (where Og is as in (j0.20|l i. Thus if T is o-stable for 
a > aL, then we can assume it is of the form (1^:^ . i.e. it gives rise to an extension 

0 —> E2^ El — > E —^ 0. 

In particular, I = im0 is a subbundle with torsion free quotient in Fi, and 0 : E 2 —^ I 
is an isomorphism. Thus we get a subtriple Tj = (J, F 2 , 0) in which the bundles have 
the same rank and degree, and 0 is an isomorphism. 

Proposition 7.3. Let T = (Fi,F2,0) represent a point in Ml, he. suppose that the 
triple is a-semistable for some a in the range aL < a < aM- Then 

(1) the triple Tj = (/, F2,0) is a m- semistable, 

(2) the bundle E 2 is semistable. 

Proof. (1). Let T' = (F0 F0 0') be any subtriple of Tj. Since T' is also a subtriple of 
T, we get 

Pa{T') ^ fXa{T). (7.3) 

A direct computation shows that 

tiaiT) = fiaiTi) + - a), (7.4) 

where we have used the fact that rii > 77,2 in T and hence um = ~ P 2 ) = 

2(p(F) — pi 2 )- Thus for all < a < om we have 

A»(r') - A»(n) < 2fai+’lV °" “ 

Taking the limit a —> aM, we get 

-/ia^(T7) ^ 0, 

i.e. Tj is OM-semistable. 
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(2). Let C E2 be any proper subsheaf. Then {(^{E!^), E2, cf)) is a subtriple of T/. 
Since 0 : E2 — 4 >{E 2 ) is an isomorphism, this subtriple has /x(0(ii^2)) = ^(-^2) 
n'2 = n[. The aM-semistability condition of T/ thus gives 

h(^2) + ^ ^ h2 + ^, 

(where we have made use of the fact that /i(0(i?2)) = ^(-^2) = Ai2)- It follows from 
this that /i(T^2) ^ hs, be- that E2 is semistable. □ 

Proposition 7.4. Suppose that the triple T = (i?i,i?2,0) is of the form in \6.21\) . i.e. 

0 —>■ E 2 —^ El —>■ E —>■ 0, 

with E locally free. Then there is an e > 0 such that E is semistable if the triple is 
a-semistable for any a > um — e. Indeed the conclusion holds for any 

2 


0 < e < 


(7.5) 


m(m — 1)^ ’ 

where m = ni — n2 = rk(F). 

Proof. Let F' C F be any proper subsheaf. Denote the rank and slope of E (resp. E') 
by m and fip (resp. m' and /if')- We can always hnd F( C Ei such that E' = E[/E 2 , 
i.e. such that we have 

0 — >E2^ E'l — > E' —^ 0. 

Let T' = (F(,F2,0). For convenience, dehne 

= A„(T0 = /i„(T') - /i„(T). (7.6) 

Using 

ni = n 2 + m, 
n'l = 77,2 + m', 

rii/ii = 77-2/72 + mp.F, (7.7) 

n[lJ,[ = 772/72 + 777 '/ 7 f ', 

we get 


(2772 + 777) (2772 + m') . 
Pf ' - Pf — --Ac 

2772777' 

But 2(/7 f — /72) = oiM- Thus, setting 


m — m 
2m' 


{a — 2 (/ 7 f — ^ 2 ))- 


we get 


If now we take 


Pf' — Pf — 


a = aM ~ ^5 

(2772 + 777) (2772 + 777') 

2772777' 


Ao + 


m — m \ e 
777' / 2 


(7.8) 

(7.9) 
(7.10) 


< 


then for all 0 < 777' < 777 we get 


m — m 


777' 


777(777 — 1 )^ ’ 


< 


777(777 — 1 ) 


(7.11) 
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Hence, if the triple is a-semistable, so that Aq, ^ 0, then we get 

fip/ — < -7-TT- (7-12) 

m[m — 1) 

Since ftp and iip' are rational numbers, the hrst with denominator m, and the second 
with denominator m' ^ (m —1), equation ()7.12j) equivalent to the condition pj?/ — pi? 

0 . 


We can combine Propositions Ib.HL 17.41 and o to obtain the following. 

Proposition 7.5. Let T = {Ei,E2,4>) be an a-semistable triple for some a in the 
range ap < ot < um- Then T is of the form 

0 —>■ E 2 —— El —>■ E —>■ 0, 
with E locally free, and E 2 and E are semistable. 

In the converse direction we have: 

Proposition 7.6. Let T = {Ei,E2,4>) be a triple of the form 

0 —>■ E 2 —— El —>■ E —>■ 0, 

with E locally free. If E 2 is semistable and E is stable then T is a-stable for a = apj — ^ 
in the range ap < a < aM- 

Proof. Any subtriple T' = dehnes a commutative diagram 

0 - E 2 —-—>■ El ->■ E ->■ 0 

0 -^ E!2 E[ -^ E' -^ 0, 

where E' C E. Then 

A„ = A„(TO=/ia(T')-/ia(T) 

= MK e Ei) - @ E,) + (7.13) 

Hi + ^2 ni+ n 2 

Denote the rank and slope of E (resp. E') by m and fip (resp. m' and fip')- Using 


ni = n 2 + m, 
Ui = n 2 + m ^ 


□ /A 
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and the fact that om = — ^ 2 ), and setting a = aM — e, we obtain 


2n'2 + /i2 + rnfj,F' 2^2 + /i2 + rn^iF , „. w 

^-;-h 2[^f - h2)( 


rin 


n2 


2n'^ + m' 


272-2 + rn 


2n'2 + m' 277-2 + 


Tlr, 


-el 


n2 


2772 + 2772 + fei 

2n'o , , . m' 


-{fi '2 — /^2) + 


2772 + 2772 + 

Clearing denominators in (I7 :td we obtain 


-{fiF' - h-p) - e{ 


n^m — 772777' 


(2772 + en'){ 2 n 2 + m 


■). ( 7 . 14 ) 


(2772 + en')Aa = 712(2 A2 — 


777 


2772 + en 


e) + m(AF + 


^^2 


2772 + 


where 


A 2 — /72 — /72 5 and Af — ^f' — I^f- 


( 7 . 15 ) 


Now suppose that E 2 is semistable and F is stable. The semistability of E 2 implies 
that 

777 

2 A 2 -e < 0, 

2772 + en 

while the stability of F implies there exists 5 > 0 such that A^^ ^ —5 < 0. Thus by 
taking e < we have A^r + 2 n 2 +m ^ ^ hence A^ < 0. □ 


Theorem 7 . 7 . Assume that ni > 772 and di/ni > d2/n2- Then the moduli space 
Ml = A/’|( 77 i, 772 , di, ^2) is smooth of dimension 

(g - l)(n\ + n\- 771772) - 771^2 + ’^2^1 + 1 , 

and is birationally equivalent to a P^-/ 76 raf 70?7 over M^(ni —772, di — ^2) x AT^(n2, ^2), 
where M^(n, d) is the moduli space of stable bundles of rank n and degree d, and 


N = 772^1 - 771^2 + 77i(77i - 772)(5' - 1) - 1. 

In particular, A/"£( 77 i, 772, di, ^2) is non-empty and irreducible. 

//GCD(77 i — 772 , di — d2) = 1 and GCD(772,d2) = 1, the birational equivalence is an 
isomorphism. 

Moreover, in all cases. Ml = A/i( 77 i, 772, di, d2) is irreducible and hence birationally 
equivalent to Mf. 


Proof. For every triple T = (Ei,E2,4>) in Mf, the homomorphism 0 is injective and 
hence, by (5) in Proposition EUl T dehnes a smooth point in the moduli space, whose 
dimension is then given by (4) in Proposition 12.bl 

Given E G M^(ni — 772, di — d2) and E2 G M^(n2, d2), we know from Proposition 12 .(il 
that every extension 

0 —> E 2 ——El —>■ F —>■ 0, 

dehnes a triple T = (Ei, E 2 , 0) in Mf. These extensions are classihed by H^(E 2 ® F*). 
In fact two classes dehning the same element in the projectivization PH^(E 2 ® F*) 
dehne equivalent extensions and therefore equivalent triples. Now, 


deg(i ?2 ® F*) = (771 - 772)d2 - 772(di - d 2 ) = 77i772(/i2 - /il) < 0 
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and, since E 2 ®F* is seniistable, then H^{E 2 0-F*) = 0. Hence, by the Riemann-Roch 
theorem 

h^{E2 ® E*) = 712^1 - nid2 + ni{ni - n2){g - 1). 

In particular this dimension is constant as E and E 2 vary in their corresponding moduli 

spaces. 

We can describe this globally in terms of Picard sheaves. To do that we consider hrst 
the case in which GCD(?7,i — 77 . 2 , di — ^ 2 ) = 1 and GCD(?7,2,d2) = 1. In this situation 
there exist universal bundles F and E 2 over X x M{ni —n 2 , ^1 — ^ 2 ) and X x M(?7,2, ^ 2 ), 
respectively. Gonsider the canonical projections 

tt: X X M{ni — 772, di — ^2) x M{n2, ^2)x —> M{ni — 772, di — ^2) x M{n2, ^2) , 

V. X X M{ni — 772, di — 7 ^ 2 ) X M(772, 7 ^ 2 ) —> X X M{ni — 772 , di — 7 ^ 2 ) , 

and 

712 - X X M{ni — 772, dl ~ ^2) X M(772, 7^2) —> X X M(772, (^2) . 

The Picard sheaf 

S ;= R^7r*(7r2E2 ® 

is then locally free and we can identify Ml = Ml with V = F(iS). This is indeed a 
hbration with N = n 2 di — nid 2 + 77i(77i — n 2 ){g — 1) — 1, which in particular is 
non-empty since M{ni — 772 , di — 7 ^ 2 ) and M{n 2 , 7 ^ 2 ) are non-empty and X > 0. 

If GGD( 77 i — 772 , (ii ~ <^ 2 ) 7 ^ 1 and GCD{n 2 ,d 2 ) 7 ^ 1, there are no universal bundles 
and hence the Picard bundle does not exist. However, its projectivization over 

M\ni - 77-2, dl - 7/2) X M^(772, 7^2) 

does exist. This can be constructed by working in the open set R of the Quot scheme 
corresponding to stable bundles. The point is that an appropriate linear group GL 
acts on R, with the centre acting trivially and such that PGL acts freely with the 
quotient being M^{ni — n 2 ,di ~ ^ 2 ) x M^{n 2 ,d 2 )- For the action on the projective 
bundle associated to the universal bundle over R, the centre of GL still acts trivially, 
and standard descent arguments produce the required P^ hbration V over M^{ni — 

772, dl - 7^2) X TP*(772, 7^2). 

We now show that the complement of V has strictly positive codimension in Ml- 
This follows from two facts. The hrst one is that any family of strictly semistable 
bundles of rank 77,1 — 772 and degree di — 7^2 depends on a number of parameters strictly 
less than the dimension of ( 771 —772, (ii — 7 ^ 2 ) (cf. e.g. jH]). The same argument applies 
to any family of strictly semistable bundles of rank 772 and degree d2- The second fact 
is that the dimension of H^{E 2 ® F*) is hxed by the Riemann-Roch theorem (we use 
here that E 2 and F are semistable). 

To prove the last statement, i.e. to extend the results to Ml, we consider the family 
V of equivalence classes of extensions 

0 — >E2^Ei —>F —^ 0, 

where F and E 2 are semistable. Glearly, V contains the family V. The family V 
is irreducible. This is because since F and E 2 are semistable they vary (for hxed 
ranks and degrees) in irreducible families T and E 2 , respectively, and as shown above 
H^{E 2 ® F*) = 0. Hence P is a projective bundle over F x £ 2 . From Proposition 17.51 
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we know that Ml C V, and since a-semistability is an open condition (which follows 
from the construction of the moduli space given in j3] and ESI). we have that Ml is 
irreducible. □ 

Remark 7.8. If rii < n 2 , we have an analogous theorem for M[{ni,n 2 ,diid 2 ) via the 
isomorphism 

M^{ni,n 2 , di, d 2 ) = A/'^(n2, rii, - 62 , -di) 
given by duality fProposition 12.dj) . 

7.3. Moduli space for am < 2g — 2 ^ a < um- 

Theorem 7.9. Let a he any value in the range am < 2g — 2 ^ a < aM- Then M^ is 
birationally equivalent to M[. In particular it is non-empty and irreducible. 

Proof. This follows from Theorem 15.131 and Theorem 17.71 □ 

Corollary 7.10. Let (ui, 77 , 2 , di, ^ 2 ) be such that GCD(n 2 ,ni +n 2 ,di + ^ 2 ) = 1. If a 
is a generic value satisfying am < 2 g — 2 ^ a < aM, then Ma is birationally equivalent 
to Ml, and in particular it is irreducible. 

Proof. From (4) in Proposition l2.f)l one has that Ma = Mf^ if GCD(n 2 , ni+n 2 , ^1 + ^ 2 ) = 
1 and a is generic. In particular, Ml = Mf, and hence the result follows from Theorem 

m □ 


8 . Moduli space of triples with ni = 77,2 
Throughout this section we assume that 77,1 = 712 = ri and di ^ ^ 2 - 

8.1. Moduli space for di = ^ 2 . 

Proposition 8.1. Suppose that ni = n2 = n and di = d2 = d. Let T = [Ei, E2, 4 >) be 
a triple of type (771,772,^1,^2), and let a > 0 . Then T is a-(poly)stable if and only if 
El and E2 are (poly)stable and (f is an isomorphism. 

Proof. In this case the injectivity bound ao given by (ICTD is ao = am = 0. Hence for 
every o-semistable triple T = [Ei, E2, 4 >) with a > 0 , (f must be injective and therefore 
an isomorphism. The polystability of Ei and E2 is now straightforward to see. To show 
the converse, suppose that Ei and E2 are both polystable and let T' = (i 7 j, E2, 0 ') be 
any subtriple of T. 


Pair') — p{E[ © E 2 ) + a— 


Hr, 


n'l + n '2 


^ pi{Ei © E2) + a— 


77n 


^ pair) + a{—j 


n '2 


77j + 772 


77'i + n '2 

T-\) 


^ Pa{T), 


since Tij ^ 772 if 0 is injective. 


□ 







35 


Corollary 8.2. The moduli space Main, n,d,d) and the moduli space M{n,d) of poly¬ 
stable bundles of rank n and degree d are isomorphic. In particular J\fa{n,n,d,d) is 
non-empty and irreducible. 

Proof. From Proposition 18.1 1 it is clear that we have a surjective map, say 

71 : Main, n, d, d) —> M{n, d). 

Suppose that vr([T]) = 7r([T']), where [T] and [T'] are points in Afa{n,n,d,d) repre¬ 
sented by triples T = {E, E, 0) and T' = {E', E', cf') respectively. We may assume 
that T and T' are polystable triples, and hence that E and E' are polystable vector 
bundles. Thus, since vr([T]) = 7r([T']), we can hnd an isomorphism hi \ E ^ E'. Set 
h 2 = (f)' o hi o (j)~^ (remember that 0 and 0' are bundle isomorphisms). Then (hi, ^ 2 ) 
dehnes an isomorphism form T to T'. Thus tt is injective. □ 

Combining Proposition 17.11 and Corollaries 17.21 and 18.21 we obtain the following. 

Corollary 8.3. Suppose that ni > n 2 and /ii — /i 2 >0. Then 

A/'oJ^^(r^.l,n2,(il,^i2) = M{n2,d2) x M{ni - n2,di - ^2)- 

In particular, A/”Q,jj^(ni, n 2 , di, ^ 2 ) is non-empty and irreducible. 

8.2. Bounds on Ei and E 2 for a > Oq- 

Lemma 8.4. Let {Ei,E2,4>) be a triple with kei (f = 0. Let {E[,E 2 ,(j)') be a subtriple 
with n'l = n '2 = n'. Thus we get the following diagram, in which S and S' are torsion 
sheaves: 

0 -^ E 2 El -^ ^ ^ 0 




E', 


S' -^ 0. 


Then 


A^r) = +1 (h 

2 \n' 

Here s and s' are the degrees of S and S' respectively. 

Proof. From the above diagram we get 

np ,2 + s = np-i, 
npi{E' 2 ) -|- s' = np,{E'f). 

Thus 

1 (y \ f 

Lo.iT') = -itiiE',) + ^^iE'2)) + I = - f 2/i(E') + - 


+ 


1 


2 V 


(mE'i)--, 

V n' 


+ 


a 

2 

a 


2 ’ 


and similarly for /iQ,(T). 


□ 
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Proposition 8.5. Let {Ei,E2,4>) be an a-semistable triple with ker0 = 0. Then 

(1) For any sub sheaf E[ C Ei 

fx{E[) ^fri + - /ia). 

(2) For any subsheaf E 2 C E 2 

^{^2) ^ T2 + ~ T^)- 

Proof. Since ker 0 = 0 the results of Lemma 18.41 apply. Furthermore, any subsheaf 
E[ C El is part of a subtriple 0') with n'l = = n'. Likewise, given any 

subsheaf E 2 C E 2 , we can take E'l = 0(i?2)- Thus we can use the results of Lemma 
IH31 plus the fact that a-stability implies Aq,(T') < 0 for all subtriples, to conclude 

2 \n' nJ 

for all E'l ^ El. Similarly 

+ <0 

for all E '2 (Z E 2 . The results now follow using the fact that 0 ^ s' ^ s and 1 ^ u' < 
n. □ 

8.3. Stabilization of moduli. 

Theorem 8.6 (Stabilization Theorem). Let Oq be as in 46'.i.'il) . 

(1) Let ai, 02 be any real numbers such that Oq < Oi ^ 02 , then 

J\fa^{n,n,di,d2) ^ Ma2ijL,n,di,d2). 

(2) There is a real number o^ ^ oq such that 

Mai{n,n,di,d2) = Ma2{n,n,di,d2) 
for all oi ^ 02 > Oi. 

Proof. (1). Recall from Proposition lO.bI that if o > Oq then any triple, T = {Ei, E 2 , 0), 
in Afa{n, n, di, ^ 2 ) has rk(0) = n. It follows that in any subtriple, say T' = {E'l, E'2, 0'), 
the rank of is at least as big as the rank of E' 2 , i.e. ^ n' 2 . We treat the cases 
n'l > n '2 and n'l = n '2 separately. In both cases we must show that 

A„,(T') ^0 ^ A„,(T') ^0 

if Oi ^ 02 . If n'l = n '2 then for any a 

A„(T') = /i(E( © E' 2 ) - /i(Ei © E 2 ). (8.1) 

In particular, Aa(T') is independent of a and hence Aq,^(T') = Aq, 2 (T'). If n'l > n' 2 , 
then for any a 

A^r) = ME[ ® E',) - ti(E, @ S) + (©5© - 1) a. (8.2) 

Vn;+n2 2J 
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For each subtriple, Aq,(T') is thus a linear function of a, with slope 

A(T') = 


Tin 1 \ n'o — 


n'^ +77-2 2 J 2,{n'^ + n'g) 

and constant term 

M(r') = /i(^;©^ 2 )-h(^i©^ 2 ). (8.4) 

We see that if ? 7 ,( > then A(T') < 0. It follows from this that 

A„,(T') <0 ^ A„,(T') ^0 

if ai ^ Q! 2 . 

(2). Consider any ai, 02 such that ao < ai ^ 02 . By Part (1), the difference (if any) 
between A/’q^ and Ma^ is due entirely to triples which are a 2 -stable but not cti-stable. 
Any such triple must have a subobject, say T' = (F^j, E 2 , (f)'), for which 

A„,(T') ^0< A„,(T'). (8.5) 

As in ( 1 ), we need only consider subobjects for which the rank of E[ is at least as 
big as the rank of E'^, i.e. nj ^ 773 . Clearly (IH3D is not possible for a subobject with 
77 j = n '2 (since in that case Aq,^(T') = Aq, 2 (T')). Suppose then that 77 j > n^- By fl8.2jl 
and the fact that for such a subobject A(T') < 0, we get that 

M(T') 


A„(T') ^ 0 


a < 


( 8 , 6 ) 


-A(r') 

We claim that there is a bound, depending only on the degrees and ranks of Ei 
and E 2 , such that 

M{T') 




^ OtL 


(8.7) 


for all possible subtriples with 77j > 77 ^. For a triple T = {Ei,E 2 ,(j)) in A/'aj Proposi¬ 
tion IHiSl applies, giving upper bounds on slopes of subsheaves of both Ei and E 2 . Using 
these bounds we compute 


M(T') ^ 

Combined with (Q, this gives 

M(T') 


nn'i 


2{n[+n'2) 


< 


7777, 


(hi -h 2 )- 


■(hi ~ h2) 


( 8 . 8 ) 


-A(T 0 - (77; - n'2) 

^ 77(77 - l)(/ 7 i - fl 2 ). 

We can thus take 

OL = 77(77 - l)(/7i - /72). (8.9) 

We can now complete the proof of Part (2): if cxi > 0 ;^ then no triple in A/’^j can have 
a subtriple satisfying (jH2D. Hence J\fa 2 = -f^c 


ai • 


□ 


Remark 8.7. If n = 2 then = di — ^ 2 , be. the stabilization parameter coincides 

with the injectivity parameter. 

It is clear from that CKi = 0 correspond to the following especial cases. 


Proposition 8 . 8 . If n = 1 or am = 0 then ai = 0. Hence if e is any positive real 
number, 
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(1) if n = 1, then Ma is isomorphic to 1, di, ^ 2 ) for every a G {am, 00 ); 

( 2 ) if am = 0 , then Ma is isomorphic to Af^{n,n,di,d 2 ) for every a G ( 0 ,cx)). 

8.4. Moduli for large a and a ^ 2g — 2. Let a > ao, where oq is as in (lt).15|l . By 
Proposition 16.51 we know that all triples in Main, n, di, c/ 2 ) are of the form 

0 —^ 0 , ( 8 . 10 ) 

where S' is a torsion sheaf of degree d = di — d 2 - By analogy with the ni 7 ^ n 2 , 
let us denote by A/L(n, n, di, ^ 2 ) the ‘large o’ moduli space, i.e. the moduli space of 
o-semistable triples for any a G {aL,oo). Since ai ^ Oo we have that all triples 
in Ml (n, ^ 1 ,^ 2 ) are of the form in (IHTUl) and that Ei and E 2 are bounded by the 
constraints in Proposition 18.51 

In the converse direction we have the following. 

Proposition 8.9. Let T = {Ei,E2,4>) be a triple such that ker0 = 0 If Ei and E 2 
are semistable, then T is a-semistable for large enough a, i.e. T G A/L(n, n, di, ^ 2 )- If 
either Ei or E 2 is stable, then T is a-stable. 

Proof. Since ker 0 = 0, it follows (as in the proof of Theorem 18.ti|l that in any subtriple, 
say T' = {E[, E'^, 0'), the rank of E[ is at least as big as the rank of E 2 , i.e. ^ n' 2 . 
If > n' 2 , then (I 8 . 2 |l . (j 8 . 8 |l and (j8.4|l apply, with A(T') < 0 and ^ Thus 

Pa{T') — g,a{T) < 0 for a > Oi. For subtriples with n'^ = n' 2 , equation 1)8.11) says that 

A„(ro = /i(E( © E'2) - MEi © E2) 
for any a. For such subtriples, and for any a, it thus follows that 

(1) Aq(T') ^ 0 if both El and E 2 are semistable, and 

( 2 ) Aa{T') < 0 if at least one of the bundles is stable. 

□ 


Theorem 8.10. The moduli space M[{n,n,di,d 2 ) is non-empty. 

Proof. Our strategy is to show that there exist rank n stable bundles Ei and E 2 of 
degree di and d 2 , respectively, and a torsion sheaf S of degree di — d 2 , htting in an 
exact sequence 

0 —>■ E 2 —> El —> S —> 0. 

The result will then follow from Proposition 18.91 

To prove this, let E he a. vector bundle, and let Quot^(F^) be the Quot scheme of 
quotients E —>• S where S' is a torsion sheaf of degree d. The basic fact we need is 
the following. 

Lemma 8.11. Let L be a line bundle and let : L®"' —> S be an element in 
Quot'^(L®”). Then, if L has big enough degree (depending on n and d), for a generic 
S, the vector bundle E = heif) is stable. 

Proof. The proof is implicit in the papers by Hernandez UTI and Maruyama [221 > where 
they deal with the case L = O. There, one needs an extra condition on n and d, which 
is not required in the twisted case when the degree of L is big enough. □ 
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Let L be a line bundle of degree m and d" > 0 such that di = nm — d". By 
Lemma I8.11L if : L” — S” G Quot*^ (L”) is generic, then Ei = ker-^ is a stable 
bundle of rank n and degree di. Let d = di — d 2 and consider a generic element 
rj : El —>• S G Quot'^(L^i). Let E 2 = kerr^, and let S' the cokernel of the natural 
inclusion E 2 —> L”. We have the following commutative diagram: 


0 

i 

0 —>■ E 2 
0 —>■ E 2 

i 

0 


0 0 

i i 

El ^ S ^ 0 

i i 

^ S' ^ 0 

i i 

S>' = S" ^ 0 


i i 

0 0 . 


We see from the diagram that E 2 coincides with the kernel of L" —>■ S'. If S' is 
general enough we can again apply Lemma 18.111 and conclude that E 2 is stable. To 
show that this is indeed the case, we observe that the diagram dehnes a map 


Quot^(Ei) X Quotf (L") ^ Quotf'""(L"), 


where Quotg denotes an open non-empty subscheme of Quot, which is surjective and 
hnite. □ 


We deal now with the irreducibility of the moduli spaces. 

Theorem 8.12 (Markman-Xia jH]). There is an irreducible family S parameterizing 
quotients Ei —> S —0, where Ei is a rank n and degree di vector bundle such that 
all its subbundles have their slope bounded above by a given universal constant, and S 
is a torsion sheaf of degree d > 0. 

Theorem 8.13. If a > ao, then J\fa{n,n,di,d 2 ) is irreducible. 

Proof. Since a > ao, an a-semistable triple T = {Ei,E 2 ,((>) dehnes a sequence as in 
(lOl and hence a quotient Ei — S —> 0 in S. By (1) in Proposition 18.51 the slopes 
of subbundles of Ei are bounded above by the universal constant 

hi + l)(hi -h2)- 

Let C S consist of elements Ei —> S —> 0 in 5 that come from an o-semistable 
triple 0^ E 2 ^ El ^S^O. Since o-semistability is an open condition 5° is a 
Zariski open set of S, which is non-empty by Theorem 18.101 and hence irreducible by 
Theorem The irreducibility of Ma{n, n, di, ^ 2 ) follows now from that of 5°. □ 

Proposition 8.14. The moduli space N'L{ji,n,di,d 2 ) is birationally equivalent to a 
F^-fibration V over M^{n, ^ 2 ) x Sym'^(X), where N = n(di — ^ 2 ) — 1, Sym'^(X) is the 
d-symmetric product of X, and M®(n 2 , ^ 2 ) is the moduli space of stable bundles of rank 
n 2 and degree ^ 2 - 
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Proof. Let E 2 be a rank n and degree ^2 vector bnndle and let S' be a torsion sheaf of 
degree d > 0. We constrnct Ei as an extension 

0 —> E 2 —> El —^ S —^ 0. (8.11) 

Snch extensions are parameterized by Ext^(S', i? 2 )- Snppose that S is of the form 
S = Od, where H is a divisor in Sym'^(X). Let L be a line bnndle. Consider the short 
exact seqnence 

0 —^ L*{-D) — >L* — >Od —^ 0, 
and apply to it the fnnctor Hom(-, E 2 ), to obtain the long exact seqnence 

0 H\E2®L) H\E2®L{D)) 

E^i\OD,E2) —^ H\E2®L) —^ H\E2®L{D)) —^ 0. ^ ^ ^ 

We thus have 

dimExt^(C>i 5 , E 2 ) = x{E 2 ® L) - x(E 2 ® L{D)) = nd, 

where x(E) = dimH^{E) — dimH^{E). Taking L so that deg(L) >> 0, we have that 
H^{E 2 ®L) = 0. If E 2 is semistable (or more generally, if it moves in a bounded family) 
we can take the same L for every E 2 . Then 

Ext\OD, E 2 ) = H\E2 ® L{D))/H\E2 ® L). 

Let V be the set of equivalence classes of extensions fl8.11|l . where E 2 is stable then V is 
a P^-£bration over M^{n, ^ 2 ) x Sym'^(X), where N = nd — 1 = dimP(Ext^(C>i 5 , E 2 )). 
Since we assume that d is positive, N is non-negative and positive if n > 1. Setting 
d = di — d 2 , a simple computation shows that 

dimP = {g — ^){p\ + n\— nin 2 ) — nid 2 + n 2 di -|- 1. 

Clearly V is irreducible of the same dimension as A/l, and since it is contained in S 
(like Ml) it must be birationally equivalent to Ml- Notice that If GCD(?7,,(i2) = 1, 
then V is the projectivization of a Picard bundle. □ 

Combining the results of this section, we arrive at the following theorems. 

Theorem 8.15. The moduli space ML{n,n,di,d 2 ) is non-empty and irreducible. Fur¬ 
thermore, it is birationally equivalent to a -fibration over M^(n, ^ 2 ) x Sym‘^(X), 
where the fiber dimension is N = n{di — ^ 2 ) — 1- 

Proof. It follows from Theorems 18.181 and Eini and Proposition 18.14l □ 

Theorem 8.16. Let a ^ 2g — 2 > am- Then 

(1) The moduli space A/”* is birationally equivalent to Ml and it is hence non-empty 
and irreducible. 

(2) If in addition either 

• GCD(n, 2n, di -|- ^ 2 ) = 1 and a ^ 2g — 2 > am is generic, or 

• di — d 2 < a, 

then Ma{n,n,di,d 2 ) is birationally equivalent to A/L(n, n, di, ^ 2 ) and hence ir¬ 
reducible. 
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Proof. If 2g — 2 > a^, the result follows from Theorems IS.fil and 18.151 Assume then 
that 2 g — 2 ^ ul- 

(1) From Theorem 18.1 HI we know that A/l is birationally equivalent to f/f. The result 
follows now from Theorem 15.1 HI and Theorem Km 

(2) For the hrst part, we observe that from (4) in Proposition I2.bl one has that 

Ma = Ma if GCD(n, 2n, di + ^ 2 ) = 1 and a is generic, and hence the result follows 
from (1). The second part is a consequence of Theorem 18.1 HI □ 

9 . Triples and dimensional reduction 

Let be the complex projective line. The Lie group SL(2, C) acts on X x P^ via the 
trivial action on X and the identihcation P^ = SL(2,C)/P, where P is the subgroup 
of lower triangular matrices. 

The theory of holomorphic triples and vortex equations on X is related with the 
study of stable SL(2, C)-equivariant bundles on X x P^ and the existence of invariant 
solutions to the Hermitian-Einstein equations. In fact, it is in this way (known as 
dimensional reduction) that the theory originated (see |3] and uni for details). 

In this section we recall the basics of this correspondence and apply our main results 
on triples to the theory of vector bundles on X x P^. 

9.1. Existence of stable bundles on X x P^ and triples. 

Proposition 9.1. |11 Proposition 2.H] There is a one-to-one correspondence between 
holomorphic triples {Ei,E2,4>) on X and holomorphic extensions on X x P^ of the 
form 

0— >p*Ei — >E — ^p*E2®q*0{2) —^ 0, (9.1) 

where p and q are the canonical projections from X x P^ to X and P^, respectively, 
and 0{2) is the degree 2 line bundle o/P^ (the tangent bundle). 

Proof. The proof given in cm is simply that extensions over X x P^ of the form (EH) 
are parametrized by 

H\X X F\p*{E^ ® E;) ® q*0{-2)). 

By the Kiinneth formula, this is isomorphic to 

p°(x, El ® e;) 0 H\¥\ o{-2)) = H\x, Ei ® e;). 

After hxing an element in 0{—2)), the homomorphism 0 can thus be identihed 

with the extension class dehning E. □ 

Notice that the vector bundles E of the form in (EH) come equipped with an action 
of SL(2, C) which lifts the action on X x P^. The action on E is trivial on p*Ei and 
P*E 2 , is the standard one on 0 {2), and leaves invariant the extension class. 

To talk about the stability of E one needs a Kahler metric on X x P^. Let us hx 
a metric on X and the Fubini-Study metric on P^, both normalized to have volume 
271. Let a > 0 be a real number. We consider on X x P^ the one-parameter family of 
SU(2)-invariant Kahler metrics with Kahler form 

uJa = ap*uJx © q* 0 Jvi. 
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Here lOx and a;pi are the Kahler forms on X and P^, respectively. The degree of a 
complex vector bundle E over X x P^ with respect to 10 ^ is given by 

deg(E) = f ci{E)AuJa„ 

JXxPi 

where Ci{E) is the hrst Chern class of E. Recall that E is said to be stable with respect 
to oJa if for every non-trivial coherent reflexive subsheaf E' <Z E, 

p(E') < p(E), 

where ti{E) = degE/ ikE is the slope of E. Since we are in complex dimension 2, E' 
is locally free. 

Theorem 9.2. Theorem 4.1] Let T = {Ei,E2,4>) be a holomorphic triple over X 
and let E be the holomorphic bundle over X x P^ defined by T as in Provosition 1.9. il 
Then, if Ei and E 2 are not isomorphic, T is a-stable if and only if E is stable with 
respect to oJa- If Ei — E 2 , the triple T is a-stable if and only if E decomposes as a 
direct sum 

E = p*Ei 0 q*0{l) © p*E 2 © q*0{l), 
and p*Ei © q* 0 {l) is stable with respect to uja- 

Remark 9.3. The stability of p*Ei © q*0{l) is equivalent to the stability of Et. 

Let (ni, 77 - 2 , di, ^ 2 ) be the type of the triple T = {Ei, E 2 , f). Let M.a he the moduli 
space of stable bundles on X x P^ with respect to uja, whose topological type is that 
of E in (j9.H) . Combining Theorems 19. 2L17711 and IHTT?)! we can prove existence of stable 
bundles on X x P^. More precisely. 

Theorem 9.4. is non-empty if 

(1) 2 g — 2 ^ a ^ um if ni 7 ^ n 2 , where au is given by 

(2) 2 g — 2 ^ a if ni = n 2 - 

Remark 9.5. The moduli space Ma can be identihed with the SL(2, C)-invariant part 
of Ala (|1])- Hence from Theorems o and IS.lbl we can say that within the range for 
a in Theorem 19.41 the invariant loci for different values of a are birationally equivalent. 
Whether this is true or not for the whole moduli spaces Ala for different values of a 
is something that deserves further study (see for a discussion on this in the rank 
two case). 

9.2. Existence of SU(2)-invariant Hermitian—Einstein metrics. By the Hitchin 
Kobayashi correspondence proved by Donaldson, Uhlenbeck and Yau [Tm im 122] , the 
stability of the bundle E on X x P^ is equivalent to the existence of an irreducible 
solution to the Hermitian-Einstein equation. Recall that this is a Hermitian metric on 
E such that 

•\/^AF(£') = /iidp;, (9.2) 

where, as usual, A is contraction with the Kahler form of X x P^, E{E) is the curvature 
of the unique connection determined by the Hermitian metric and the holomorphic 
structure of E, Ide is the identity endomorphism of E and fv is the slope of E. 

The action of SL(2, C) on E restricts to an action of the compact subgroup SU(2) C 
SL(2,C), and, since the metric cUa on X x P^ is SU(2)-invariant, one can consider 
SU(2)-invariant solutions to ()9.2|1 . The relevant fact is the following. 
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Proposition 9.6. m Proposition 3.11] Let T = {Ei, E 2 , 4>) be a holomorphic triple of 
type {ni,n 2 ,di,d 2 ) over X and let E he the holomorphic bundle over X x associated 
to T by Pro'Dosition \y.ll Let ti and T 2 be real numbers such that di + d 2 = UiTi + ^ 2 X 2 , 
and Ti — T 2 > 0. Then T admits a solution to if and only if E admits an SU(2)- 
invariant Hermitian-Einstein metric with respect to oJa- 

Combining the previous results we have the following. 

Corollary 9.7. The vector bundle E associated to a triple T of type (ni, n 2 , di, ^ 2 ) has 
a Hermitian-Einstein metric, with respect to uja if 

(1) 2 g — 2 ^ a ^ aM if ni 7 ^ n 2 , where au is given by 

(2) 2 g — 2 ^ a if ni = n 2 . 

In fact this metric is {2)-invariant and it is given by a vortex solution on T. 

Remark 9.8. This is similar in spirit to the instanton solutions of vortex type on 
studied by Witten in |22] and Taubes I31|. 
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